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Non-abelian extensions of topological Lie algebras 



Karl-Hermann Neeb 



Abstract. In this paper we extend and adapt several results on extensions of Lie algebras to 
topological Lie algebras over topological fields of characteristic zero. In particular we describe the 
set of equivalence classes of extensions of the Lie algebra g by the Lie algebra n as a disjoint union 
of affine spaces with translation group {g,}{n))is] , where [S] denotes the equivalence class of the 
continuous outer action Sig— *dcrn. We also discuss topological crossed modules and explain how 
they are related to extensions of Lie algebras by showing that any continuous outer action gives 
rise to a crossed module whose obstruction class in ff''(g,3(it))s is the characteristic class of the 
corresponding crossed module. The correspondence between crossed modules and extensions further 
leads to a description of n -extensions of g in terms of certain 3 (n) -extensions of a Lie algebra 
which is an extension of g by 11/3(11). We discuss several types of examples, describe applications 
to Lie algebras of vector fields on principal bundles, and in two appendices we describe the set of 
automorphisms and derivations of topological Lie algebra extensions. 



Introduction 

An extension of a Lie algebra g by a Lie algebra n is a short exact sequence of the form 

We think of the Lie algebra g as constructed from the two building blocks g and n . To any such 
extension one naturally associates its characteristic homomorphism s: g ^ out(n) := der(n) / ad n 
induced from the action of g on n. It turns out that, with respect to a natural equivalence 
relation on extensions, equivalent ones have the same characteristic homomorphism, so that one 
is interested in the set Ext(g, n)s of all equivalence classes of extensions corresponding to a given 
homomorphism s: g — > out(n) . The pair (n, s) is also called a g-kernel. It is well known that the 
set Ext(g, n)s is non-empty only if a certain cohomology class Xs G i?^(g, 3(n))s vanishes, and 
that if this is the case, then Ext(g, n)s is an afhne space with translation group H'^{g,j{n))s ■ 
If n is abelian, these results go back to Chevalley and Eilenberg ([CE48]), and the general case 
has been developed a few years later in [Mo53] and [IIo54a] ; see also [Sh66] for Lie algebras over 
commutative base rings R with 2 E . 

In this note we extend and adapt these results to the setting of topological Lie algebras 
over topological fields of characteristic , having in particular locally convex Lie algebras over the 
real or complex numbers in mind, which are the natural candidates for Lie algebras of infinite- 
dimensional Lie groups. In a subsequent paper we describe corresponding results for infinite- 
dimensional Lie groups and explain the non-trivial link between the Lie group and the Lie algebra 
picture, the main point being how the information on group extensions can be obtained from 
data associated to the corresponding Lie algebras and the topology of the groups (cf. [Ne04]). For 
abelian extensions of Lie groups, this translation procedure between Lie group and Lie algebra 
extensions has been studied in [Ne02/03], and our main goal is to reduce the general case to 
abelian extensions. In the present paper this will be our guiding philosophy. 

A serious difficulty arising in the topological context is that a closed subspace W of a, 
topological vector space V need not be topologically split in the sense that the quotient map 
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V V/W has a contimious linear section <t such that the map W x (y/Ty) V,{w,x) hh. 
w + a{x) is a topological isomorphism. We call a continuous linear map f:Vi V2 between 
topological vector spaces topologically split if the subspace im(/) of V2 is closed and split and 
ker(/) is a topologically split subspace of Vi . The natural setup for extensions of topological 
Lie algebras is to assume that all morphisms are topologically split, i.e., an extension q:Q^g 
of by n is a Lie algebra containing n = ker g as a split ideal. This implies in particular that 
g n X g as a topological vector space. It is necessary to assume this because otherwise we 
cannot expect to classify extensions in terms of Lie algebras cohomology. Accordingly one has 
to refine the concept of a g -kernel to the concept of a continuous g -kernel: Here one starts 
with the concept of a continuous outer action S consisting of a linear map S: Q ^ der n for 
which g X n ^ n, (x,n) S{x).n is continuous and there exists a continuous alternating map 
w: g X g — > n with 

[S(x), S{x')] - S([x, x']) = ad(w(x, x')) for x, x' e g. 

Two continuous outer actions and 5*2 are called equivalent if there exists a continuous linear 
map 7:g ^ n with S2 = Si + ad 07, and the equivalence classes [S] are called continuous g- 
kernels. Every such g -kernel defines a homomorphism s:g — > out(n),a; S{x) -|- adn, but this 
map alone is not enough structure to encode all continuity requirements. 

Our approach to reduce general extensions to abelian extensions leads to a new perspective, 
the key concept being the notion of a topological crossed module, i.e., a topologically split 
morphism a: () ^ g of topological Lie algebras for which [) is endowed with a continuous g- 
module structure {x,h) t-^ x.h satisfying 

a{x.h) = [x,a{h)] and a{h).h' = [h,h'] for x€Q,h,h'Gi). 

For any crossed module 3 := kcra is a central subalgcbra of 1) invariant under the g -action and 
n := a(f)) is an ideal of g. Therefore each crossed module leads to a four term exact sequence 

— > 3 = ker a— >g^g:= coker a ^ 0. 

Since 3 is central in [) , the action of g on 3 factors through an action of g on this space, so 
that 3 is a g-module. One way to deal with crossed modules is to fix a Lie algebra g and an 
g -module 3 and to consider all crossed modules a: f) — > g with g = coker a and ker a = 3 as 
g-modulcs. On these crossed modules, thought as 4-term exact sequences, there is a natural 
equivalence relation, and in the algebraic context (all topologies are discrete) the equivalence 
classes are classified by a characteristic class Xa S H^{g,^) (cf. [Wa03], and also [Go53] for a 
discussion of crossed modules with abelian Lie algebras f} in the algebraic context). 

Our point of view is different in the sense that we think of a split crossed module as the 
following data: 

(1) an ideal n of the Lie algebra g, 

(2) a topologically split central extension 3 ^ n — > n , and 

(3) a g-module structure on n extending the given action of n on n and such that a:n ^ n is 
g-equivariant. 

Of course, both pictures describe the same structures, but from our point of view the 
characteristic class Xa € H^{g/n,2i) of the crossed module has a quite immediate interpretation 
as the obstruction to the existence of a Lie algebra extension 3 ^ 0—^0 for which q~^{n) is 
g-equivariantly equivalent to the extension n of n by 3 . All this is explained in Section IIL 

In Section IV we show that this interpretation of Xa as an obstruction class further leads 
to a nice connection to Lie algebra extensions. To any continuous g -kernel [5] we associate 
a natural crossed module a:n g^' , where g"^ is an extension of g by the topological Lie 
algebra tiad := n/3(n). The associated characteristic class Xa € H^{Qji{^))s vanishes if and 
only if Ext(g,n)[5] is non-empty, because it is the obstruction to the existence of an extension 
g:g"^ of g"'' by 3(n) for which (j^^(nad) is g'^-cquivariantly equivalent to n as a central 

3 (n) -extension of Uad- This provides a new interpretation of the cohomology class Xa as the 
obstruction class x(iS') of the continuous outer action 5 of g on n. 
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Along these lines we discuss in Section V two types of examples of topological crossed 
modules, where we determine the characteristic class explicitly in terms of a 3-cocycle of the 
form k{[x, y],z), where k: x g — > 3 is an invariant symmetric bilinear 3 -valued form on the Lie 
algebra q. 

In Section VI we recall the relation between covariant differentials, extensions of Lie algebras 
and smooth prinicpal bundles (cf. [AMROO]). We then use this relation to attach to a central 
extension of the structure group of a principal bundle a crossed module of topological Lie algebras 
whose characteristic class can be represented by a closed 3 -form on the underlying manifold. It 
would be interesting to see how the corresponding cohomology class relates to the curvature of 
differential geometric gerbes with a curving, as discussed in Section 5.3 of [Bry93]. 

Although our main focus lies on topological Lie algebras, we think that the connections be- 
tween extensions and crossed modules discussed in this paper also adds new insight on the purely 
algebraic level. On the algebraic level the idea to reduce extensions of g by n corresponding to a 
fl-kernel (n, s) to abelian extensions of the Lie algebra := s*(dern) C der(n) x q can already 
be found in Mori's paper ([Mo53]; the Reduction Theorem, Thm. 4). 

Throughout this paper we shall use the calculus of covariant differentials which is introduced 
on a quite abstract level in Section I as a means to perform calculations related to extensions of 
Lie algebras. Here the main point is that if g is a Lie algebra and V a vector space, then for 
each linear map S:g End(V) we have the so-called covariant differential ds '■= S'a + dg on the 
direct sum C*{g,V) := ©^g^^ C"^(0, ^) , where dg is the Lie algebra differential corresponding 
to the trivial module structure on V and denotes the maps C""(g, V) C""+^(g, V) induced 
by the evaluation map End(y) xV^Von the level of Lie algebra cochains. Then we have 

d|a = Rs Aa, where Rs := dgS + ^[S, S] 

is the "curvature" of S , vanishing if and only if is a homomorphism of Lie algebras, and 
RsA is a map C""(g, V) C^^^(g, V) induced by the evaluation map End(y) xV^V. If, in 
addition, F is a Lie algebra and S is of the form 5 = ad ocr for some a:g^V, then we have 

(i|a = [i?cr5a] and dsRa = 0, 

where the latter equation is a quite abstract version of the Bianchi identity that plays a central 
role in Yang-Mills Theory and General Relativity (cf. [Fa03] for a nice discussion of beautiful 
equations in these theories). 

Since lifting derivations and automorphisms to Lie algebra extensions plays a crucial role 
in many constructions involving infinite-dimensional Lie algebras, we describe in Appendix A the 
Lie algebra der(g, n) of derivations of an n-extension fl of fl (i.e., the derivations of g preserving 
n) in terms of an exact sequence of the form 

^ Z^(g,3(n))s ^ der(g,n) ^ (dern x dei g)[s]^H'^{Q,i{n))s ^ 0, 

where / is a Lie algebra 1-cocycle for the natural representation of the Lie algebra 
(dern x derg)[5] on H'^{g,}{n))s ■ We also discuss the problem to lift actions of a Lie alge- 
bra f) by derivations on n and g to actions on g. 

In Appendix B we describe in an analogous manner the group Aut(g, n) of automorphisms 
of g preserving n by an exact sequence of the form 

Z\g,i{n))s ^ Aut(g,n) ^ (Aut(n) x Aut(g))[s]^ff2(g,3(n))s ^ 0, 



where / is a group 1-cocycle for the natural action of the group (Aut(n) x Aut(g))[5] on 
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I. Basic definitions and tools 

In this section we introduce the basic concepts needed in our topological setting. In particular 
we define continuous Lie algebra cohomology and covariant differentials. It turns out that the 
calculus of covariant differentials is extremely convenient throughout the paper. 



Topological Lie algebras and their cohomology 

Throughout this paper IK is a topological fi,e2d, i.e., a field for which addition, multiplication 
and inversion are continuous. Each field M. is a topological field with respect to the discrete 
topology which we do not exclude. We further assume that char K = . 

A topological vector space ^ is a K-vcctor space V together with a Hausdorff topology 
such that addition, resp., scalar multiplication of V are continuous with respect to the product 
topology on V xV , resp., IK x y. For two topological vector spaces we write Lin(y, VF) for 
the space of continuous linear maps V ^ W and End(y) for the set of continuous linear 
endomorphisms oi V . A topological Lie algebra g is a K-Lie algebra which is a topological 
vector space for which the Lie bracket is a continuous bilinear map. A topological Q-module is 
a g -module V which is a topological vector space for which the module structure, viewed as a 
map QxV ,\s continuous. 

A subspace of a topological vector space V is called (topologically) split if it is closed 
and there is a continuous linear map a:V/W ^ V for which the map 

W X V/W V, {w, x) 1-^11} + a{x) 

is an isomorphism of topological vector spaces. Note that the closedness of W guarantees that 

the quotient topology turns V/W into a Hausdorff space which is a topological K-vector space 
with respect to the induced vector space structure. A morphism f:V^Wof topological vector 
spaces, i.e., a continuous linear map, is said to be (topologically) split if the subspaces ker(/) C V 
and im(/) C W are topologically split. A sequence 

of morphisms of topological vector spaces is called topologically split if all morphisms /i , . . . , /„ 
are topologically split. In the following we shall mostly omit the adjective "topological" when it 
is clear that the splitting does not refer to a Lie algebra or module structure. 

Note that if K is discrete, then every K-vector space and every K-Lie algebra is topological 
with respect to the discrete topology. Further every subspace and every morphism is split, so 
that all topological splitting conditions are automatically satisfied in the algebraic context, i.e., 
when all spaces and Lie algebras are discrete. 

Definition I.l. Let F be a topological module of the topological Lie algebra g. For p e No , 

let CP{g,V) denote the space of continuous alternating maps gP V, i.e., the Lie algebra p- 
cochains with values in the module V. We use the convention C'^{g,V) = V and observe that 
C^(g, V^) = Lin(g, y) is the space of continuous linear maps q ^ V. We then obtain a chain 
complex with the differential 

d,:CP{s,V)^CP+\3,V) 

given on / e C^'(g, V) by 

p 

K/)(a;o, ...,Xp):= '^{-iyxj.f{xo, ...,Xj,...,Xp) 

j=o 

+ ^ 1) '^'^ f{[Xi, Xj], Xq, . . . , Xi, . . . , Xj , . . . , Xp), 
i<j 
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where xj denotes omission of Xj . Note that the continuity of the bracket on q and the action 
on V imply that dgf is continuous. 

We thus obtain a sub-complex of the algebraic Lie algebra complex associated to g and V . 
Hence = 0, and the space ZP{q,V) := kerdg \ cp(g.v) of p-cocydes contains the space 
Bp{q,V) := dg{CP-\Q,V)) oi p-coboundanes (cf. [We95, Cor. 7.7.3]). The quotient 

HP{s,V) := ZP{Q,V)/BP{g,V) 

is the p*^ continuous cohomology space of g with values in the g-module V. We write [/] := 
/ + BP{q, V) for the cohomology class [/] of the cocycle /. ■ 



Multiplication of Lie algebra cochains 

Let be a topological Lie algebra and U, V, W be topological fi -modules. Further let 
m:U X V — > W be a g-equivariant continuous bilinear map. There is a natural product 
Cp{q, U) X Ci{q, V) ^ Cp+i{q, W), {a, (3) ^ a A„ /?, defined by 

{aAmP){xi,...,Xp+g) ■■= ^ Yl sgn(cr)m(Q!(a;^(i),...,a;<,(p)),/?(a;^(p+i),...,a;^(p+,))). 

Here we need that charK = because otherwise we might have p! = or ql = 0. For p = q = 1 
we have in particular 

{a Am f3)ix, y) = m{a{x), P{y)) - m{a{y), P{x)). 

Writing 

Alt(a) {xi,...,Xp) := ^ sgn(cr)a(a;^(i) , . . . , a;<,(j,) ) 

creSp 

for a p -linear map aiQ^ V , we have 

/3 = — Alt(a -m /3), where a -m l3 ■= m o (a x jS)). 
p\q\ 

For a permutation a G Sp and a'^{xi, . . . , Xp) := a{xcr(i) , Xa(p)) we observe that 

Alt (a) =sgn(£7)Alt(a'^). 
U U = V and f3 is alternating, then a /? = —{P-m ctY fo^' permutation 
_ / 1 2 ... p p+l ... p + q\ 

^ p + 2 ... p + q 1 ... p ) 

of singature (— 1)^'^, and therefore 

(1.1) aA„/3=(-l)f«+i/3A„a. 

From [Ne03, Lemma F.l] we recall for a e Cp(£1, \J) and /3 e C«(0, V) the relation 

(1.2) d0(aA/3) =dgaA/3 + (-l)PaAdg/3. 

Remark 1.2. (a) Now let X and Y be further topological g -modules and m'-.W x X 

a g-equivariant continuous bihnear map. For a £ Cp{q,U), /3 G C'^{q,V), 7 G C^{q,X) and 

a G Sp+q we then have the relation 

Sgn(£7) Alt((a -m /?)" -m' 7) = Alt((Q! -m 13) -m' l), 

which leads to 

(1.3) (a Am P) Am' 7 = , ,\, , Alt((a A„ (3) 7) = Alt((a /3) 7). 

If we further have continuous equivariant bilinear maps n:V x X ^ Z and n':U x Z ^Y , 
satisfying the associativity relation 

m! o (m X idx) = n o (idy xn), 

i.e., [u -m v) -m' X = u •„/ [v •„ x) for all u e C/, w e y, a; e X , then (1.3) implies that 

(1.4) [a Am 13) Am'l = a A„/ {(3 A„ 7) 

m Cp+i+''{q,Y). ■ 
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Example 1.3. (In this example all topologies are discrete) Let 1/ be a vector space, considered 
as a trivial g-module and consider Qi{V) also as a trivial g-module. We then have the two 
bilinear maps 

ev: End(y) x V ^ V, {ip, v) ^ ip{v) 

and the composition 

C: End(y) X End(y) ^ End(F), {ip, ^) ^ <pilj. 
These two maps satisfy the associativity relation 

ev o(C X idv) = ev o(idEnd(y) x ev), 

which means that 

{iptp){v) = ip{ip{v)) for all ip,i> G End(y), v eV. 

In view of Remark L2, this leads for a € CP(fl, End(y)) , (3 e C«(fl,End(y)) and 7 S C''{9,V) 
to 

(a Ac /3) Aev 7 = a Aev (/? Aev 7) 
in CP+9+'-(fl,F). ■ 



Covariant diflferentials 

Now let y be a trivial topological g -module and dg the corresponding Lie algebra differ- 
ential on the complex C*{q,V). Further let S G C^(fl,End(F)), where Cl{Q,'End{V)) denotes 
the set of all linear maps T:q^ End{V) for which g x V ^ V,{x,v) 1— > ^(a;) {v) is continuous. 
We then obtain maps 

We now consider the corresponding covariant differential 

ds := + d,:CP{g, V) ^ C^+'ig, V), p G Nq. 

The following lemma shows that if 5 is a Lie algebra homomorphism, then ds is the Lie algebra 
differential corresponding to the g -module structure on V defined by S . 

Lemma 1.4. The covariant derivative is given by 

p 

{dsa){xo, ...,Xp) := ^(-ly S{xj).a{xo, . . . ,Xj, . . . ,Xp) 
j=o 

+ ^ ^ ( 1) ~'~"^Q;([x^, Xj^, Xq, . . . , Xi, . . . , Xj, . . . , Xp^ 

i<j 

Proof. Let tjfc S Sp+i = 5'|o,...,p} denote the cycle (fc, fc — 1, k — 2, ... 2, 1, k). Then 
sgn{(rk) = (-l)*", and 



1 

{S;,{a)){xo,...,Xp) = sgn(CT)5(xfe).a(x<,(i),...,a;„(p)) 

^' fe=0 cr(0)=fe 

p p 

^sgn(CTfe)5(xfe).a(x^^(i), . . . , a;<^^^(p)) = ^(-l)''5'(a;fe).a(a;o, • . • , Xfe, . 



fe=0 fe=0 

This implies the lemma. 
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Proposition 1.5. Let Rs{x,y) = [S{x), S{y)] — S{[x,y]) for x,y G g. Then 

Rs := G C\s,End{V)) 

and for a G CP{g,V) we have 

(1.5) d%a = Rs Aev a, 

In particular d'g —0 if and only if S is a homomorphism of Lie algebras, i.e., Rs = 0- 
Proof. For a € CP{g, V) we get 

dgo; = ds{S Aev ct + d^a) 

= {S Aev {S Aev Ct))+ S Aev dgU + dg {S Aev a) + rfgO 

= {S Ac S) Aev a + S Aev dga + {dgS Aev a — S Aev dga) 
= {S Ac S) Aev ct + dgS Aev a = {S Ac S + dgS) Aev a. 

To make this more explicit, we observe that 

(5 Ac S){x,y) = S{x)S{y) - S{y)S{x) = [S{x),S{y)] = US,S]{x,y), 

which proves (1.5). 

For V G V ^ C^{g,V) wc obtain in particular {d'gv){x,y) = Rs{x,y)v, showing that 
d| = on C*{g,V) is equivalent to Rs = 0, which means that S:q^ {End{V) , [■ , ■]) is a 
homomorphism of Lie algebras. ■ 

We shall use the following notation for cyclic sums 

^f{Xl,X2,X3) := f{xi,X2,X3) + f{X2,X3,Xi) + f {xs, Xi, X2) ■ 
eye. 

Definition 1.6. A Lie superalgebra (over a field K with 2, 3 G ) is a Z/2Z-graded vector 

space = 00® At with a bilinear map [•, •] satisfying 
(LSI) [a,P] = (-l)P9+i[/3,a] for x & Qp and y e Qg. 

(LS2) (-l)f'-[[a,/J],7] + (-l)''^'[[/3,7],a] + (-l)^''[[7,a],/3]=0 for aGflp, /3Gflg and7G0r. 
Note that (LSI) implies that 

(1.6) [a,a]=0=[/?,[/3,/3]] for aeQ^,pGSj. 



The following lemma is the algebraic version of the corresponding result about Lie algebra 
valued differential forms on manifolds ([BGV04, Sect. 1.4], [KMS93, Thm. n.8.5]). 

Lemma 1.7. Suppose that V is a Lie algebra, considered as a trivial g-module. The bilinear 
bracket on C*{q,V) := S^g^o <^^(fl'^) defi-ned by 

CP{q, V) X (7«(fl, V) ^ Cp+\q, V), (a, /3) ^ [a, /3] := a A[.,] /?, 

turns the Z/2Z- graded vector space C*(g, V) = C"'™"(fl, V)®C°'^'^{q, V) into a Lie superalgebra. 

Proof. (LSI) follows from (1.1). The relation (LS2) for dcga =p, dcga = q and dcg7 = r 
can be obtained from (1.3) and the Jacobi identity as follows. Let bgi q x g ^ q denote the Lie 
bracket on g . Then 

[[a, /?], 7] = Alt(6g O {bg idg) O (« ® /? ® 7)) 

by (1.3), and from this formula one easily derives [[a, /3], 7] = (— l)'''[[a, 7], (3] + [a, [/3, 7]], so that 
(LS2) now follows with (LSI). ■ 

The following proposition provides an abstract algebraic version of identities originating in 
the context of differential forms ([BGV04, Prop. 1.15]). 
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Proposition 1.8. Suppose that V is a Lie algebra, considered as a trivial Q-module. Let 
a G C^{g, V) and define S = a.doa . Then 

(1.7) d%a=[K,a] for aeCP{g,V), 
and Ra satisfies the abstract Bianchi identity dsRa =0. 

Proof. Since ad: V — > End(V) is a homomorphism of Lie algebras, the definition of Ra and 
Proposition L5 immediately lead for a £ C^(0, V) to: 

d^a = Rs Aev a = (adoRa) Aev a = [R^, a] 

(Lemma L7). 

Prom (1.1) and (1.2) we further get 

(1.8) dg[a, a] = [dga, a] - [a, dga] = [dgtr, a] + [dga, a] = 2[dga, a]. 
Now the abstract Bianchi identity follows with Lemma 1.7 from 

dsRa = (dg + S'a)-Ro- = d^a + ^dg[a, a] + S A R^ = [dga, a] + [a, R^] 

■ 

The observations in the following lemma will become crucial in the following. It is partly 
contained in [AMROO, Th. 5]. 

Lemma 1.9. For topological Lie algebras q and n the prescription 

7.(5,0;) := (5 + ado7, w + ds7 + Ib^T]) 

defines an action of the abelian group C^(g,n) on C^(0,dcrn) x C^(g,n) with the following 
properties: 

(1) i?s+ado7 = i?s + ado(ds7+ i[7,7]) /or 5" e C^i(0,dern) and j e C^ig^n) . 

(2) Z^(g,n) := {{S,uj) e Cl{g,dein) x C^{Q,n): Rs = adoo;} is an invariant subset. 

(3) For {S,u) € Z'^{2,n) we have dgoJ e Z^{Q,i(n))s. 

(4) The map Z^(fl,n) — > Z^(fl,3(n)), {S,(jj) dgo; is constant on orbits of C^(0, n) . 
Proof. First we observe that 

71 •(72- (5,0;)) = (5 + ado(7i +72),^"), 

where 

LO" =LJ + dsl2 + I [72,72] + C?S+ad 07271 + ^71,71] 

= w + ds72 + \ [72, 72] + <^s7i + [72, 71] + 5 [71, 71] 
= a; + rfs(7i +72) + 5(71 +72,71 +72]- 

This proves that we obtain an action of C^(fl,n) on C^(fl,dern) x C^(fl,n). 
(1) For S' := S + ad 07 we have 

Rs' =dgS' + \ [S', S'] = Rs + dg (ad 07) + i ([5, ad 07] + [ad 07, S] + [ad 07, ad 07]) 
= i?5 + ad o{dgj) + [S, ad 07] + i [ad 07, ad 07] 
= Rs + ad o(dg7 + 5 A 7 + i [7, 7]) = + ad 0(^57 + ^ [7, 7])- 



(2) follows immediately from (1). 
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(3) For := ado5:0 End(dern) we have: 

ado(rfsa;) = ds^{adooj) = dsMs^ + S]) = 

by applying Proposition 1.8 with a := S and V := dern and using the abstract Bianchi identity. 
This proves that dscu has values in 3(n). 

We further obtain with Proposition 1.8 

ds{ds(jj) = = [u}.uj] = 0, 

where the last equality follows from (1.1), which implies that the bracket is alternating on cochains 
of even degree (cf. [AMROO, Th. 8]). 

(4) For S" := 5 + ad 7 and u>' := uj + ds^ + 5 [7, 7] we obtain with (1) and Proposition 1.6 

that 

ds'u;' = dsco' + {S' -S)Au' = dsco + ds{ds7 + ^ [7, 7]) + [7, w'] 

= dsuj + [w, 7] + [rfs7, 7] - [uj', 7] 

= dsu) + [(J + dsj - iv' ,'y] = dsu}- ^[[7, 7], 7] = dsu). 

m 

Remark 1. 10. (Twisted cohomology) (a) Let g be a Lie algebra and V a g-module, where the 
module structure is given by the homomorphism S: 2 ^ End(y) . Then we have the Lie algebra 
complex {C*{Q,V),ds). 

This complex can be twisted as follows. Instead of ds , we consider for some F e 
C^(0,End(F)) the operator 

dr:C*{g,V)^C*{Q,V), a^dsa + TAa, 

which coincides with ds' for 5" := 5 + P. For 

T := &doS:g^ der(End(l/)) 

we then have 

Rs' =Rs + dgT + i[r, P] + [S, P] = dgP + i[P, P] + [S, T] = drT + i[P, P], 

and dp vanishes if and only if this expression vanishes (Proposition 1.8). 

If the values of P lie in a commutative subalgebra of End(y) , then this equation reduces to 
dyP = , which means that F is a 1 -cocycle with respect to the induced action of q on End V . 

Another special case arises if ^ is a Lie algebra and F = ado7 for some 7 € C^{q, V) . In 
this case 

Rs, =dTT+\[T,T]=a.do{dsl+\b,l\). 

(b) Twisted complexes as above arise naturally in differential geometry, where one considers 
the Lie algebra g := V(M) of smooth vector fields on a manifold and the algebra V := C°°(M, R) 
of smooth functions on M , which is a g-module with respect to S{X).f := X.f . Now any smooth 
1-form 7 G f2^(M, K) can be viewed as an element of C^{g,V), and from the algebra structure 
on V we obtain an element F e C^{Q,End{V)) by T{X){f) := ^{X) ■ f. Then 

droi = dsOi + rAa = da + 'yAa 

in the sense of exterior calculus. Therefore rfp vanishes if and only if = dxT , which is the 
operator of multiplication with the 2 -form dj in the associative algebra Q*{M,R). A more 
direct way to see this is to use the relation 

(rf + 7a)^ = + d o 7^ + 7a o d + (7 a 7)a = (^7)^. 

(c) We get a related situation for V := C°°(M, 6) for some locally convex Lie algebra 6. 
Then V also is a module of g = V{M) , and for 7 e il^{M, t) C C^(g, V) we may consider the 
map P G C^(g, End(V^)) given by r(A')(^) := [7, £] . Then (a) implies that dp = is equivalent to 
P satisfying the Maurer-Cartan equation dxT + ^[T,r] =0, which is equivalent to ^57+ ^[7,7] 
having values in the center of 6 . ■ 
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II. Extensions of topological Lie algebras 

In this section we discuss a method to classify (topologically split) extensions of a Lie algebra 

by a Lie algebra n in terms of continuous Lie algebra cohomology. The construction of a Lie 
algebra from a factor system {S,U!) is closely related to crossed modules, which we discuss in 
Section IIL 

Definition II. 1. Let g and n be topological Lie algebras. A topologically split short exact 
sequence 

is called a (topologically split) extension of q by n. If wc identify n with its image in g, this 
means that g is a Lie algebra containing n as a topologically split ideal such that g/n = g. 

Two extensions n gi — » g and n g2 — » g are called equivalent if there exists a 
morphism tp: gi — > Q2 of topological Lie algebras such that the diagram 



n gi ^ g 



id„ 



id a 



n ^ 02 ^ Q 

commutes. It is easy to see that this implies that (p is an isomorphism of topological Lie algebras 
(Exercise), hence defines an equivalence relation. We write Ext(g,n) for the set of equivalence 
classes of extensions of g by n. 

We call an extension g:g — > g with kevq = n trivial, or say that the extension splits, if 
there exists a continuous Lie algebra homomorphism a:Q^g with qoa = idg. In this case the 
map 

nxsg-^g, {n,x) t-^ n + a{x) 
is an isomorphism, where the semi-direct sum is defined by the homomorphism 

S':g^dern, S{x).n := [a{x),n]. ■ 

Next we give a description of Lie algebra extensions n ^ g — » g in terms of data associated 
to g and n. Let g:g — > g be an n-extension of g. We choose a continuous linear section a:g^g 
of q . Then the linear map 

n ® g — »• g, {n,x) ^ n + a{x) 

is an isomorphism of topological vector spaces. To express the Lie bracket in terms of this product 
structure on g, we define the linear map 

/Sig — > dern, S{x) := ad„{a{x)) := (adc7(a;))|n 

and the alternating bilinear map 

a;:gxg^n, u>{x,y) := R„{x,y) := [(7{x),c7{y)] - a{[x,y]) = {^[a,a] + dga){x,y), 

where the last expression has to be understood in the terminology introduced in Section I, and 
dg refers to the trivial g -module structure on g. The continuity of cr immediately implies the 
continuity of u, and S is continuous in the sense that the map g x n ^ n, (a;,n) S{x).n is 
continuous. Now $ is an isomorphism of topological Lie algebras if we endow n® g with the Lie 
bracket 



(2.1) 



[(n, x), {n', x')] := {[n, n'] + S{x).n' - S{x').n + uj{x, x'), [x, x']). 
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Deflnition II. 2. A continuous outer action of q on n is a linear map — > dern for which 
the bihnear map 

X n — > n, {x,n)^S{x).n 

is continuous, i.e., S G C^(0,dern), and there exists a continuous alternating map uj with 
Rs = adow. If, in addition, dsLU = (cf. Lemma 1.4), then we call the pair {S,uj) a continuous 
factor system for (fl,n). We write Z^{Q,n) for the set of all such continuous factor systems and 

Z^{g,n)s ■■= {oj e C^{Q,n):Rs = adoto, dsoj = 0}. 

On the set of all continuous outer actions 5: g — > der n we define an equivalence relation 

by 

S ^S' ^ (37 e Lin(fl, n)) S = S' + ad^ 07. 

We write [S] for the equivalence class of S, which we call a continuous g -kernel, and out(0,n) 
for the set of continuous fl -kernels on n. Let 

Qn:dcr(n) out(n) :— der(n)/ adn 

denote the quotient homomorphism. Then we can attach to each class [S] the homomorphism 

s := Q„ o S: Q ^ out(n) 

because Qn o adnoa = holds for each linear map a:g — > n. As adn(n) acts trivially on the 
center 3(n), each continuous outer action S defines on 3(n) the structure of a topological fl- 
module by x.z := S{x).z. ■ 

Remark II. 3. If g and n are discrete, then for each homomorphism s:g^ out(n) there 
exists a linear map S:q ^ dern with Qn o S = s and an alternating map oj G C^{Q,n) with 
Rs = adn • AH outer actions are continuous and 5 ~ S" is equivalent to Q„ o S = (3„ o S" , so 
that a continuous g -kernel is nothing but a homomorphism s: g — > out(n) . ■ 

A version of the following lemma for Banach-Lie algebras can be found as Proposition 4.1 
in [OR04]. 

Lemma II. 4. For a continuous factor system, (5, cj) let n X{s.ui) B be the topological product 
vector space n x g endowed with the bracket (2.1). Then n X(s,ui) Q is a topological Lie algebra 
and 

9:n X(5,^) g g, {n,x)>-^x 

defines a topologically split extension of q by n. 

Conversely, every topologically split extension of q by n is equivalent to some n X(s,aj) 0- 

Proof. The continuity of the bracket on n x (5 g follows from the continuity assumptions 
on S and w. It is clear that the bracket is bilinear, and [{n,x),{n,x)] = follows from the 
assumption that u is alternating. Since the bracket is alternating, 

J((n, x), {n',x'), in", x")) := ^[[(n, x), (n', x% (n", x")] 

eye. 

is an alternating trilincar map (n x g)'^ ^ n x g. Therefore (2.1) defines a Lie bracket if and 
only if J vanishes on all triples of the form {n,n',n"), {x,n',n"), {x,x',n") and {x,x',x"), 
where x,x' ,x" G q and n,n',n" Gn, and we identify n and g with a subspace of n x g . As the 
inclusion map n ^ n Xj-^ ^^) g preserves the bracket, we have J{n, n' , n") = 0. 

It is clear that [n y-^s,uj) fl,tv] C n. Therefore J{x,n',n") = follows from S{x) G dern for 
each X £ g. 

The vanishing of the expressions J{x, x', n") means that 

S{x).{S{x').n") - S{x').{S{x).n") = [(0,a;), (0,a;')].n" = [u{x,x'),n\ + S{[x,x']).n" , 
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which is Rs = ad oo; . 

Finally 

mx),{0,x%{0,x")] - [(u;{x,x'),[x,x']).{0,x")] = {-Six").oj{x,x')+oj{[x,x'],x"),[[x,x'],x"]) 

implies that J{x,x',x") = {-{dsoj){x,x' ,x"),0) = (0,0). 

If, conversely, q:Q^Q is a topologically split extension of g by n and cr: g ^ g a continuous 
linear section, then we define oj and S as in the discussion preceding (2.1). Then the map 

£1 X n — > n, (a;, n) i-> S{x){n) = [a{x), n] 

is continuous. Further lu is continuous and alternating with ad = adoR^ = R^doa = Rs- 
Eventually dsu' — follows from Proposition 1.8, applied with = g . 

This shows that {S, u) is a continuous factor system, so that we obtain a corresponding 
topological Lie algebra n x g . One readily verifies that the map 

*:nx(s:,„)£l^g, {n,x)^n + a{x) 

is an isomorphism of topological Lie algebras and an equivalence of n -extensions of fl. ■ 

The following lemma describes in how many ways we can parametrize the same Lie algebra 
extension as a product space. 

Lemma II.5. Let (a, /3) e Aut(n) x Aut(0) and 7 e C^{Q,n). Then the map 

ip:nx Q^nx Q, (n, a;) (a(n) + j{(}{x)), f3{n}) 
is an isomorphism of Lie algebras n X{s,u) — *■ if o.'f^d only if 

(a,/J).S' = 6" + ado7 and {a,(3).uj := ao uj o {(3 x (iy^ = J + dsn + \b,l], 
which means that {a, (3).{S,ui) = ^.{S' ,u') . Here 

{{a, P).S){x) :=ao {S{p-\x)) o a'^ 

Proof. We have 

ip{[{n,x),{n',x')]) 
= (p{[n, n'] + S{x).n' — S{x').n + co{x, x'), [x, x']) 

= (a([n, n']) + a{S{x).n') - a{S{x').n) + aw{x, x') + j{(3{[x, x'])), f3{[x, x'])) 

and 

[ip{n, x),ip{n',x')] 

= [(a(n) + j{p{x)), Pix)), (a(n') + j{P{x')), p{x'))] 

= ([a(n) + 7(/3(a;)), «(«') + -Mx'))] + ^ (/3(a;)).(a(n') + 7(/3(x'))) 

- 5'(/3(x')).(a(n) + ^{(}{x))) + lo'{(3{x), 0{x')),(3{[x, x'\)). 

Therefore the requirement that </? is a homomorphism of Lie algebras is equivalent to the two 
conditions 

S'{j3{x)) o a + ad7(/3(a;)) oa = ao S{x) for a; G 

and 

auj{x,x') + -i{p{[x,x'\)) 
= ^'(/3(x),/3(x')) + 5'(/3(x))7(/3(x')) -5'(/3(x'))7(/3(a;)) + [7(/3(x)),7(/3(x'))], x,x' G fl. 
The first condition implies that 

S'{x) + ad7(a;) = a o S{f3-^{x)) o a'^ = {{a, p).S){x) for ah x & g, 
i.e., S' = {a,P).S — ad 07. Similarly, the second condition can be written as 

{a, (3).u) = u' + dsn + ^b,!]- 
This proves the lemma. ■ 
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Remark II. 6. Suppose that S* = S" + ad 07 for some 7 G C"'^(g, n) . In the Lie algebra n x (5 
we replace the section a: — * n X{s,u)) 9,x (0, x) by a' := cr + 7 . Then u = , S = adn ocr 
and S' = ad„ oa' , so that Lemma 1.9(1) yields 

=R„ + dsj + l[7,-f]. 

Therefore the passage from a pair {S, oj) to the corresponding pair obtained from changing 
the section by adding 7 is given by the action described in Lemma 1.9. ■ 

Theorem II. 7. The assignment 

T:Z'^{g,n) Ext(£i,n), {S,oj) ^ [n X(5,^) g] 
factors through a bijection 

T: Z2(0,n)/Ci(0,n) ^Ext(0,n). 

For every continuous outer action S of q on n luith Ext(g,n)[5] ^ the map 

^■^(fl,")^ Ext(g,n)[s], uj^[n X(s^^) g] 

is surjective and its fibers are the cosets of B'^{q,i{x\))s in the affine space Z^[q,x\)s with 
translation group Z'^[Q,i{n))s ■ Thus Ext(0,n)[5] inherits the structure of an affine space with 
translation group H'^{Q,i{n))s ■ 

Proof. Lemma IL4 implies that V is surjective. According to Lemma IL5, an equivalence 
'■P'-'^ ^(s.uj) S ^ n y.[s>,ui>) Q has the form (p{n,x) = {n + j{x),x) with 7 G C^(0,n) satisfying 
{S. uj) = 7.(6", ui') . This implies that the fibers of F are the orbits of C^{g, n) , so that F factors 
through the bijection T . 

If Ext(n, q)[s] is not empty, then it follows from the preceding paragraph that each extension 
n X(s',u') with 5' ~ S is equivalent to one of the form n X(s,w) 0) where cj e Z'^{g,n)s ■ 

All other extension classes corresponding to [S] are given by Lie algebras of the form 
n X(s,ui') 9- The requirement adocj = Rs = adow' impHcs /3 := lu' - co G (^^(0,3(0)). Therefore 

= dsuj' = dsuj + dsP = dsP 

implies (3 G Z^(0,3(n))s- This means that G w + Z^(0,3(n))s. 

According to Lemma II.5, an equivalence ip: n 'X(s,uj) ^ n x {s,u)') Q has the form (p{n, x) = 
{n + a{x),x) with a G C^(0,3(n)) satisfying u — u' = dsot. This completes the proof. ■ 

Corollary II. 8. For a continuous g-kemel [S] the map 

H'^{0,i{n))s X Ext(0,n)[s] ^ Ext(fl,n)[s], [n X(s,a,) fl]) ^ [n X{s,w+i3) fl] 

is a well-defined simply transitive action, so that Ext(0,n)[5] carries the structure of an affine 
space with translation group H^{g,^(n))s ■ ■ 

Remeirk II. 9. (Abelian extensions) Suppose that a is an abelian Lie algebra. Then the adjoint 
representation of is trivial and a continuous outer action is the same as a continuous action 

S:g ^ dor a of on a. For lu G C^(0,a) we have dsuJ = dgU) , where dg is the Lie algebra 
differential. Therefore the pair {S, iv) is a continuous factor system if and only if w is a 2-cocycle. 
In this case we write a(Boj Q for this Lie algebra, which is 0X0, endowed with the Lie bracket 

[{a, x), {a', x')] = {x.a' — x'.a + lj{x, x'), [x, x']). 

Further 5 ~ 5' if and only if S = S' . Hence a continuous g -kernel [S] is the same 
as a continuous -module structure S' on a and Ext(0,a)s := Ext (0, a) [5] is the class of all 
a-extensions of for which the associated g -module structure on a is given by S . 

According to Corollary II. 8, the equivalence classes of extensions correspond to cohomology 
classes of cocycles, so that the map 

H^{9, a)s Ext(0, a)s, [w] ^ [a ®a> b] 

is a well-defined bijection. Note that the semidircct sum a x^ is a natural base point in 
Ext(0, a)s, which leads to a vector space structure instead of the affine space structure that we 
have if n is non-abelian. ■ 
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Remark 11.10. The group iJ^(g,3(n))5 very much depends on the outer action S* of g on n. 
Let = and n = R. Then C^(fl,3(n)) is 1 -dimensional. Further dimfl = 2 implies 
C'^(0,3(n)) = {0}, so that each 2-cochain is a cocycle. Since B^{Q,^{n))s vanishes if the module 
3(n) is trivial and coincides with Z'^{g,^{n))s otherwise, we have 



M for 5(fl).3(n) = {0} 
{0} for 5(fl).3(n) ^ {0}. 



Definition 11.11. Let 5 be a continuous outer action of on n and w G C^(g,n) with 
Rs = adoti). We have seen in Lemma L9 that dsoj G Z^{g,i{n))s ■ The corresponding 
cohomology class 

X{S) := [dsco]GH^{B,iin))s 

is called the obstruction class of the outer action S . 

If w' e C^(g,n) also satisfies Rs = adow', then (3 := cv' —u G C^{&,i{n)) implies that 

dsuj' = dsio + dsP, 

and therefore [dsui'] = [dsui] does not depend on the choice of iv . Moreover, Lemma L9 implies 
that x{S) = x{S') if S" 5, so that x(['S']) := [^sw] only depends on the equivalence class 
of 5. ■ 



III. Topological crossed modules 

In this short section we discuss crossed modules of topological Lie algebras and explain their 
relation to non-abelian extensions. The main result is Theorem III. 5, exhibiting the charac- 
teristic class of a crossed modiilo as an obstruction to the existence of a certain extension. In 
Proposition III. 6 we use this aspect to give a another formula for the characteristic class. 

Definition III.l. A (split) morphism a: f) ^ g of topological Lie algebras together with a 
continuous g-module structure g x f) — > f), (x, /i) i— > x.h on f) is called a (split) topological crossed 
module if the following conditions are satisfied: 
(CMl) a{x.h) = [x, a{h)] for x €g, /i e f) . 
(CM2) a{h).h' = [h,h'] for h,h' 

The conditions (CMl/2) express the compatibility of the J-module structure on () with 
the adjoint representations of g and f) . ■ 

Lemma III. 2. If aii) ^g is a topological crossed module, then the following assertions hold: 

(1) im(Q!) is an ideal ofg. 

(2) ker(a) C 3([)2. 

(3) ker(Q!) is a Q-subm.od.ule of . 

Proof. (1) follows from (CMl), (2) from (CM2), and (3) from (CMl). ■ 

Crossed modules for which a is injective are inclusions of ideals and surjective crossed 
modules are central extensions. In this sense the concept of a crossed module interpolates between 
ideals and central extensions. 

In the following we shall adopt the following perspective on crossed modules. Let a: f) ^ g 
be a topologically split crossed module. Then n := im(a) is a topologically split closed ideal 
of g and a: f) ^ n is a topologically split central extension of n by 3 := ker(Q!) . In this sense 
a topologically split crossed module can be viewed as a topologically split central extension 
a: f) ^ n of a topologically split ideal n of g for which there exists a g-module structure on f) 
satisfying (CMl/2). 

If, conversely, n is a topologically split ideal of the Lie algebra g and a:n — > n is a 
topologically split central extension of n by 3, then we have a natural topological n -module 
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structure on n given by a{n).n' := [n,n']. To obtain the structure of a crossed modulo for 
a: n — » means that the action of n on n extends to a continuous J-module structure on n for 
which a is equivariant. In the following we shall adopt this point of view. Moreover, we shall 
write := g/n for the cokernel of a. 

Let / € Z^(n,3) be a cocycle with n = 3©/n (Remark II. 9) and assume that n = 3©/n. We 
write the g-module structure on 3 as (x, z) 1— » x.z. Then the J-module structure on n = 3 ©/ n 
is given by 

(3.1) x.{z, n) = {x.z + 6{x, n), [x, n]), 

where ^ig x n — > 3 is a continuous bilinear map. Here (CM2) implies that for x G n we have 

x.{z, n) = [(0, x), {z, n)] = {f{x, n), [x, n]), 

so that ^Inxn = /• 

Lemma III. 3. (a) That a linear map Ox € Lin(n,3) defines a derivation 

p{x):xi n, (z, n) ^ [x.z + 0x{n), [x, n]) 

is equivalent to dn{Ox) = x.f, where dn refers to the differential on C°(n, Lin(n,3)) = Lin(n,3). 
Explicitly this means that for n,n' Gn we have 

x.fin, n') - f{[x, n],n') - /([n', x], n) + f?,([n, n']) = 0. 

(b) Suppose that the linear map 9:q ^ C^(n,3),x 9x satisfies (a). That 9 defines a 
representation ofg on n by 

x.{z, n) := {x.z + 9x{n), [x, n]) 

is equivalent to 9 being a 1-cocycle w.r.t. the natural g-module structure on C^(n,3) = Lin(n,3) . 
Explicitly this means that for x,x' G g and n Gn we have 

x.9{x', n) - x'.9{x, n) - 9{[x, x'],n) + 9{x, [x', n]) + 9{x', [n, a;]) = 0. 

Proof. (a) To apply Proposition A.l in Appendix A, we first observe that n is a central 
extension, so that (A. 2) reduces to x.f = dn{9x). The explicit formula now follows from 

x.f{n,n') - f{[x,n],n') - f{n, [x,n']) = n.9x{n') - n'.9x{n) - 9x{[n,n']) = -9x{[n,n']). 

(b) The first assertion follows from Proposition A. 7, and the explicit formula from 

{d^9){x,x'){n) =x.9{x',n) -9{x', [x,n]) - x' .0{x,n) + 9{x, [x' ,n]) - 9{[x, x'],n) 

= x.9{x', n) - x'.9{x, n) - 9{[x, x'],n) + 9{x, [x' , n]) + 9{x' , [n, x\) = 0. 

■ 

Since n is topologically split and 6* |nxn is alternating, there exists a continuous alter- 
nating extension / G C^(g, 3) of 9. Then d-^f G Z^(q,i) is a 3 -cocycle vanishing on n x g^ 

(Lemma III. 3), so that it can be written as d^f = q* (3 with /? G Z^{q,i) . 

Lemma III. 4. The cohomology class Xa •= \&\ G -^^^(0)3) ^oes not depend on the choice of f 
and the cocycle f G Z^(n, 3) . 

We call Xa the characteristic class of the crossed module ain — > g. 

Proof. If / and /' are both extensions of 9 G C^(g,3) , then f' — f vanishes on g x n, hence 
can be written as q*^' for some G C^(g,3). Then 

d^f'-dJ=d-q*P = q*{d^P) 
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so that both lead to the same cohomology class in H^{q,^) . 

Now let f'-=f + dn7 € Z'^{n,i) be an equivalent cocycle. Then 

ip:i®f' i®f n, {z,n) {z + j{n),n) 

is an equivalence of central extensions (Lemma n.5). If the action of 5 on 3 n is given by 6' , 
then the fl-equivariance of (fi implies that 

{x.z + x.'y{n) + 6{x, n), [x, n]) = x.ip{z, n) = (p(x.(z, n)) = '^{x.z + 9'{x, n), [x, n]) 

= {x.z + 9'{x, n) + 7([a;, n\), [x, n]). 

This means that 

9' — 9 + x."f, where {x."f)(n) = x.j(n) — "f([x,n\) 

denotes the natural action of g on (n, 3) = Lin(n, 3) . Since n is topologically split, there exists 
an extension 7 e (q, 3) of 7 . For x Gq and n e n we then have 

id'fr)ix, n) = a;.7(n) - n.'^{x) - ^{[x, n]) = x.-f{n) - 7([x, n]) = (a;.7)(n), 

so that / + d-^ is an alternating continuous extension of 9' . In view of the first part of the proof, 
we may use this extension to calculate the cohomology class associated to 9' , which therefore is 
given by factorization of d^ f + d^'j = d^f to Q , and therefore equal to the class associated to 6 .■ 

Theorem III. 5. For the topologically split crossed module a:n ^ q and the corresponding 
Q-module 3 :=kera the following are equivalent: 

(1) = m H^{g,i). 

(2) // n = 3 ©/ n for some f G Z^{n,i) and x.{z,n) = {x.z + 9{x,n), [x,n]) , then 9 extends to 
a cocycle in 3). 

(3) There exists a topologically split ahelian extension 3 ^ fl— ^0 and a Q-equivariant equiva- 
lence n q~^{n) of 3 -extensions of n . 

Proof. (1) (2): If x„ = and / e C^{9,d) is an extension of 9, then there exists a 
P G C^(0,3) with d-^f — q*{dgP) = d-^{q* (3) , so that / — q*(3 is an extension of to a cocycle 
of 5. 

(2) (3): Let / G ^^(g, 3) be a cocycle extending 9 and g := a(BjQ the corresponding 

extension of g by a. Then the inclusion n = 3 ©/ n — > g, n) {z,n) induces a J-equivariant 
equivalence n g~^(n) . 

(3) => (1): Suppose that we have a g-equivariant equivalence of 3-extensions 

Write 0=3 ffijS for some / € Z^(Q,a). Our assertion means that n = 3 ©/ n for / := /|nxin 
so that we may identify n with the subspace 3 x n C g, and that the representation of g on this 
subspace n is given by 

x.{z, n) — {x.z + 9{x, n), [x, n]). 
Then / is an extension of 0, so that (1) follows from the definition of Xa- ■ 



An alternative formula for the characteristic class 

For the applications to Lie algebra extensions in Section IV below we shall also need another 
formula for the characteristic class of a crossed module, which is the traditional way to define the 

characteristic class (cf. [Wc03]) by showing that the inclusion 3 ^ 3(n) maps the characteristic 
class Xa to the obstruction class x{^) G -ff^(g,3(n))s of the corresponding outer action of g 
on n. 
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Proposition III. 6. Let a:n ^ g be a topologically split erossed module, cr: g = g ^ Q a 
continuous linear section, S:g ^ dern the outer action of g onn defined by S{x){n) := a(x).n, 
and w: X g — > n a continuous alternating map with R„ = aow . Then dsco G 3) satisfies 
Xoc = [dsi^] ■ 

Proof. First we pick / G Z'^{n,],) with n = 3 ®/ n . It is clear that d^oj is a continuous 
alternating trilinear map. We observe that 

uj = {uj^,Ra) with uj^eC'^{g,i) 

and write the action of g on n as x.{z, n) = {x.z + 6{x, n), [x, n]) with a continuous bilinear map 
d:gxn^ I- Then 

{dsuj){x,x',x") = Y,<x).{uj,{x',x"),R,{x',x")) - {uj,{[x,x'],x"),R,{[x,x%x")) 

eye. 

= Y,{x-oJ,{x\x'')+e{a{x),R,{x\x''))Mx),R.{x\x'%-{u,{[x,xXx''),R^^^^^ 

eye. 

The n-component of this expression is d^ioaiRa) = 0, by the abstract Bianchi identity (apply 
Proposition 1.8 with V = g). Therefore im(d5a;) C 3, and 

{dsoj){x,x' ,x") = {dsoJ^){x,x',x") + Y,^{a{x),R„{x',x")). 

eye. 

To compare this with Xa ; l^t / € C^(0, 3) be an alternating extension of In addition, we 
may assume that a* f = uj^ (which determines / uniquely). We now show that q*{dsoj) = d^f ^ 
so that Xa = Msw] e H^{g,^). In fact, for x,x',x" G g we have 

id^f )iaix),a{x'),a{x")) = ^ a(x")) - f{[a{x),a{x%a{x"j) 

eye. 

= J2x.f{a{x'),a{x"))-f{a{[x,x'])+R,{x,x'),a{x")) 

eye. 

= ^x.oj^{x',x") - uj^{[x,x'],x") - f{Ra{x,x'),a{x")) 

eye. 

= ^x.ij^{x',x") -u^{[x,x'],x") +e{a{x"),Rcr{x,x')) 

eye. 

= {dsu;^){x,x',x") + Y,0Hx),RAx',x")) = idsuj){x,x',x"). 

eye. 



IV. Applications to general extensions of Lie algebras 

Let S:g^ dern be a continuous outer action and w G C^{g,n) with Rs = adoo;. In the 
following we consider adn C dern as the topological Lie algebra Uad := ^1/3(1^) endowed with 
the quotient topology and view ad: n tiad as the quotient map. On the topological product 
vector space 

0^ := Wad X g 

we define an alternating continuous bilinear map by 

[(adn, a;), (adn', a;')] := (ad([n,n'] + S{x).n' — S{x').n + w{x,x')), [x,x']) 

= ([adn, adn'] + [^(a;), adn'] - [^(a;'), adn] + Rs{x,x'), [x,x']). 

Note that the second form of the bracket implies in particular that it does not depend on u . We 
observe that 

Si := ad oS: g der tiad 

is a linear map with Rs^ = a,doRs. 
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Lemma IV. 1. is a Lie algebra with the following properties: 

(1) The map g,{a.dn,x) i-^ x is a topologically split extension of q by Uad which, up 
to equivalence of extensions, only depends on the class [S] G out(5,n). 

(2) The map p: der n, (ad n,x) i— > ad n + S{x) defines a continuous q -module structure 
on n. 

(3) The map a:n ^ Q^,n (adn, 0) is a topological crossed module which is topologically 
split if and only if 3(n) is topologically split in n. Moreover, kera = 3(n) and coker(a) = 

fl'^/Uad = 0. 

Proof. We apply Proposition 1.8 with (u, w) := {S,Rs) to obtain the relation ds^Rs = 
from the abstract Bianchi identity. Hence is a Lie algebra isomorphic to riad X(Si,Rs) 9- 

(1) The fist part is immediate from the construction. To see that the Lie algebra 
depends, as an extension of g by tVad , only on the equivalence class [S], let 7: g n be a 
continuous linear map and S' := 5 — adn 07. Then {Si,Rs) = (adn o7).(5'( , holds in 
Z^(fl,nad) (Lemma L9), and Lemma ILS shows that 

ip:Q^^g^, (adn,a;) (ad(n + 7(a;)),a;) 

is an equivalence of extensions of g by riad • 

(2) The continuity of the module structure follows from p{a,dn,x).n' = [n,n'] + S{x).n' . 
That p is a homomorphism of Lie algebras follows from 

p([(adn,a;), (adn', a;')]) = [adn, adn'] + [S'(a;), adn'] - [S'(x'),adn] + Rs{x,x') + S{[x,x']) 
= [adn, adn'] + [S'(x),adn'] - [^(a;'), adn] + [S{x),S{x')\ 
= [/9(adn,a;),/9(adn',x')]. 

(3) is an immediate consequence of (1) and (2). ■ 

Lemma IV. 2. The map tp = {p,qs)'Q^ der(n) x q is infective and yields an isomorphism 
of Lie algebras 

fl^ = {{d,x) e dcr(n) x q:S{x) € rf + adn}. 

Proof. Since ker qg = riad and (ker p) n riad = {0} ; the map tp is an injective homomorphism 

of Lie algebras. 

For each element (adn,a;) G g^ we have tp{a.dn,x) = {a.dn + S{x),x), which prove "C," 
and for any pair {d,x) G der(ti) x g with d G S{x) + adn we find an element n G n with 
d = S{x) + adn, which means that {d, x) = ip{adn, x) . This proves the lemma. ■ 

Lemma IV.3. Let g:g — > be a topologically split extension of g by n corresponding to the 
continuous g-kernel [S] and adn the corresponding representation of g on n. Assume further 
that 3(n) is topologically split in n. Then the m,ap 

7 = (adn -5* og,g):fl ^ der(n) x g, x^ (adn(a;) - S {q{x)) , q{x)) 

defines a topologically split extension 3(n) ^ g ^ > g^. This assignment has the following prop- 
erties: 

(1) // qjigj g, j = 1,2, are equivalent extensions of g by n, then jj'.gj — > g^ are equivalent 
extensions of g^ by the g^ -module 3(n). We thus obtain a map 

r:Ext(g,n)[s] ^Ext(g^,3(n)). 

(2) An extension 7:g — > g^ of g^ by 3(n) comes from an extension of g by n corresponding 
to [S] if and only if there exists a g^ -equivariant equivalence a:n ^ 7~"^(ttad) of central 
extensions of riad by 3(n) . 

Proof. That g corresponds to [S] means that it is equivalent to a Lie algebra of the form 
^ ^{s,u>) 0) where (6',a;) is a continuous factor system (Definition II. 2). This means that 

(4.1) adn(n, x) = ad(n) + S{x) = ad(n) + S{q{n, x)), 
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SO that 7(n,x) = (adn.x). Now the cxphcit formula for the brackets in n X(s.u)) 
implies that 7 is a quotient morphism of topological Lie algebras. Its kernel is 3(n) , so that the 
assumption that this is a topologically split ideal of n implies that 7 defines a topologically split 
extension of by 3(n). 

(1) If f.g-L — > 02 is an equivalence of n-extensions of q, then the representations ad^, 
J = 1, 2 , of 0j on n satisfy ad^ o(p = adj, because ip\n = idn • Therefore the quotient maps 

7j = (adi -S o q, qy.Qj 

satisfy 72 o = (ad^ oip — S o qo ip,q2 ip) — (ad^ —S o q, q{) = 71. This means that 97: 5i — > 02 
is an equivalence of extensions of gp by 3(11). 

(2) Suppose first that the extension 7: g — *■ g'^ by 3(n) comes from the n-extension q:Q^Q 
corresponding to [S\ . We may assume that g = n y-(s,u>) Q (Lemma II. 5). Then (4.1) shows that 
(n, a:) G acts on n by ad n + S{x) = p{ad n.x) . Therefore the inclusion n ^ g on the subspace 
7~^(nad) is equivariant with respect to the action of g'^ , and therefore in particular for the action 
of riad , so that it is an equivalence of central extensions of iiad • 

Suppose, conversely, that 7:g ^ g'^ is an extension of g"^ by 3(n) for which there exists a 
g'^ -equivariant equivalence a: n — > 7~^(nad) of central extensions of Had by 3(n) . Then 

g/a(n) = g/7"^(nad) = fl^/tiad = £1, 

so that we obtain by the quotient map g:g — > g an extension of g by n. As the action of 
g^ = 5/3 (n) on n induced by the adjoint representation of g on n coincides with the given 
action 

/9:g'^^dern, (adn, a;) 1-^ adn + ^(a::) 

of g'^ on n because a is g'^ -equivariant, the g-kernel of the extension g — *■ g is [S\ . 

For the adjoint representation adn of g on n we have adn = p o 7 and q = qs so that 
the corresponding map g ^ g^ coincides with 7. This means that 7:g ^ is associated to 
the extension g:g ^ g by the process described above. ■ 

For the following theorem we assume that the ideal 3(n) of n is topologically split, so that 
we may assume that n = 3(n) ©/ adn for some continuous cocycle / e Z^(adn,3(n)) . Then the 
action of g^ on n is described by a continuous bilinear map ^: g"^ x n ^ 3(n) via 

(adn, x).{z, adn') = {x.z + 9{{a,dn, x), adn'), [adn -|- 5(a;), adn']). 

In the following we write 

Z'iQ',i{n))e = {/ e Z2(g^3(n)):/|g.xn., = 0} 
for the set of all 3 (n) -valued cocycles extending 9. 

Theorem IV. 4. If the ideal }{n) of n is topologically split, then the following assertions hold: 

(1) For the continuous g-kernel [S] the cohomology class xii^]) = [ds<^] G H^{3,i{n)) vanishes 
if and only if Ext(g, n)[5] ^ . 

(2) If [dsco] = 0, then each topologically split n-extension of g corresponding to [S] is equivalent 
to an extension of the form 

q-i{n)®jQ^ ^ 0, {z,x)^qs{x), /e Z2(g^,3(n))e. 

The set Z'^{g^ ,^{n))g is an affine space on which the vector space Z^(g,3(n))s acts simply 
transitively by ui.f := f + qgOj. Two n-extension of g corresponding to /i,/2 G Z^is^ ,d{.^))e 
are equivalent if and only if /2 — /i G q^B^ {g,}{n)) . 
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Proof. (1) In view of Proposition III.6, the characteristic class Xa G H^{QiI{^)) of the crossed 
module a: n — » g'^ is represented by the cocycle d^io , where a:Q — * fl'^, a; i— > (0, x) is the canonical 
section and ui-.QXQ^n is a continuous alternating map with Rg = = aow = &Aooj. Hence 

{daU)){x,x' ,x") = ^CT(a;).(x;(a;',a;") — u}{[x,x'],x") 

eye. 

= S{x).to{x', x") - uj{[x, x'],x") = {dsco){x, x', x") 

eye. 

(cf. Lemma n.4). 

In view of Theorem III. 5, Xa vanishes if and only if 9 extends to a continuous cocycle on 
0'^, i.e., if and only if Z^{g^ ,2i{n))0 ^ 0. Suppose that this condition is satisfied. Then we have 
a surjective map _ 

^'(£l^,3(n))e ^ Ext(0,n)[s], / ^ [3(n) 0^/] 

(Lemma IV.3). 

For two cocycles /i,/2 G Z^(g'^, 3(n))e the difference — fi vanishes on x riad , hence 
can be written as q^u} for some ui G Z^{2,i{n)) . Conversely, for / e Z'^{2^ ,^{n))g and 
u! e Z'^{2,}{n)) the cocycle / + qgU) is also contained in Z'^{q^ ,}i{n))g because qgco vanishes 
on X tiad- As the map (zj: -^^(fl, 3(n)) Z"^ {g^ , ^(n)) is injective, Z'^{q^ ,^{n))e is an afRne 
space with translation group Z^{g,}{n)) acting by uj.f := f + q*gUj ■ 

Let /i,/2 G Z'^{g^ ,i{n))e and qj'.gj — > g the corresponding n-extensions of g. If ^:gi — > 
02 is an equivalence of n-extensions of g, then Lemma IV.3(1) implies that ip also is an 
equivalence of 3 (n) -extensions of g^ , hence can be written in the form 

^■■Qi = 3(n) 0^ ^ ?2 = 3(n) 0^, {z, x)^{z + I3{x),x), 

where j3: g^ i{n) satisfies d^s (3 = /i — /2. Since Lp fixes n = 3(n)ffi/nad C pointwisc. we have 
Had C ker/?, so that /3 = q*g(3 for some (3 € C-^(0,3(n)) . This means that /2 - /i G q*gB'^ {g,i{n)) . 
If, conversely, /2 — /i = dgs{q*/3) for some P S C^(0,3(n)), then 

^- 3(n) e 0^ ^ 3(n) ® 0^, {z, x) ^ {z + P{qs{x)),x) 

is an equivalence of n-extensions of g . ■ 



Remark IV. 5. If 3(n) = {0}, then if'^(g, 3(n))s = {0} implies that each continuous g-kernel 
[S] corresponds to an extension of g by n and if S is given, then co is determined uniquely by 
Rs = adn ouj. As we also have H^{g,${n))s = {0}, this extension is unique up to equivalence 
and given by fl'^ . ■ 

Remark IV. 6. In [Ho54a] G. Hochschild shows that for each g-modulc F of a Lie algebra g 
each element of H^{g, V) arises as an obstruction for a homomorphism s: g ^ out(n) , where n 
is a Lie algebra with V = ${n). In [Ho54b] he analyzes for a finite-dimensional Lie algebra g and 
a finite-dimensional module V the question of the existence of a finite-dimensional Lie algebra 
n with the above properties. In this case the answer is affirmative if g is solvable, but if g is 
semisimple, then all obstructions of homomorphism s: g — > out(n) are trivial because s lifts to a 
homomorphism S:g ^ dern by Levi's Theorem. The general result is that a cohomology class 
[lv] G H^{g, V) arises as an obstruction if and only if its restriction to a Levi complement s in g 
vanishes. ■ 
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V. Examples 

In this section we discuss some classes of examples demonstrating the effectiveness of the method 
to determine the characteristic class of a crossed module. We also discuss in Section VI some 
relations to geometric situations arising in the theory of principal fiber bundles. The constructions 
in this section are inspired by the construction of the gcrbo corresponding to the canonical 3- 
cohomology class of a compact simple Lie group ([Bry93, Sect. 5.4]). 

Example V.l. Let g be a locally convex real Lie algebra. We consider the smooth path algebra 

2 P(g) := 0^(1, &) := U G C-(/,fl):e(0) = 0} 

of endowed with its natural topology of uniform convergence of all derivatives. Then evaluation 
in 1 leads to a topologically split short exact sequence n g ^ g, where n := ker evi is the ideal 
of closed paths in P{q) and a continuous linear section cr: g ^ P{9) is given by a{x){t) := tx. 
Note that n is larger than the Lie algebra C°°(§^,fl) which corresponds to those elements $, of 
n for which all derivatives have the same boundary values in and 1 . 

Let k: g X ^ 3 be a continuous invariant bilinear form. We consider 3 as a trivial g- 
module. Then the Lie algebra n has a central extension n := 3 ®^ n, where the cocycle w is 
given by 

i^i^,ri):= I «(?,r?'):= / <^,v'mdt. 
Jo Jo 

We define uj e (g, 3) by 

^y-=ll' («(^' - o) V) - ^in^ 00 = [ «(^, n') - rim. 

We observe that for {i,ri) G g x n we have a;(^, rf) = 9(£^, 77) := /g^ 77'). 
For the following calculations we note that 

'«(K,r?],C')= t <%'n\,C) + >^{[ri,(\,C) + '^{K,M 
Jo 

«(K,^],C') + «(K',^],C]) + «(K,r?'],C)= r«(K,^],C)' = «([e,r?],C)(i) 

Jo 

and therefore 

E /'«(K'^r.c) = E r«([e''^]'C)+«(K,r?'],c) = E f >^i^'M)+<[cM) 

eye. -^0 eye. "^0 eye. "^0 

= K([r?, C], 0(1) + '^([C,e], »?)(!) = 2«([r/,C],0(l) = Ml^MW- 

Now 

•^0 eye. 

and this cocycle vanishes on g^ x n. In view of Lemma III. 3, this implies in particular that 

x.{z, n) := {9{x, n), [x, n]) 

defines a continuous representation of g on n. We have thus calculated the characteristic class 
Xa G H^{q,i) of the crossed module a:n^Q via the formula ev^ = [d-^^]- Hence it is 
represented by the cocycle 

r] G ^^(0,3), V{x,y,z) := ^K{[x,y],z). 
If g is finite-dimensional simple and k is non-zero, then Xa ■ 
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Example V.2. In this example wc discuss a more algebraically oriented variation of the 
preceding example. Here J and Q are discrete Lie algebras. 

Let A be a commutative algebra and J := A g. Then each non-zero character A ^ K 
defines a surjective liomomorpliism Qg-Q ^ 9- Let n := kerg^ = (kerx) (g) g be its kernel. 

Let M be an ^d-module and D:A^M a module derivation, i.e., a linear map with 

D{ab)=a.D{b)+b.D{a), a,b e A. 
Further let 7: M — > K a linear functional with ID = x ■ Then we consider the bilinear form 

a;„: n X n — > K, (a a;, 6 (g) y) i-> I{aD{b))K{x, y) 
which is a restriction of the form 

cD: X 5 ^ K, (a (g) a;, 6 (g) y) i-> ^I{aD{b) - bD{a))K{x, y) 

satisfying 

w(a ®x,b®y) = 9{a ®x){b® y) := I{aD{b))K{x, y) 

for ab e ker x ■ 

A typical example for this situation is given by ^4 = C^(/, M), xif) = /(I)) ^ = 
C°°{I, R), Df = f and /(/) = / (Example V.l). The relation IoD = x follows from 

ID{f)=I{f')= [' f' = f{l)=x{f) for feA. 
Jo 

For a G kerx, b,c€ A we have 

aD{bc) + bD{ac) + cD{ab) = D{abc) G r>(kerx) C ker/, 
which means that (o, 6) i— > I{aD{b)) is a cyclic cocycle on the ideal kerx- We therefore have 

{dr-uj){a (g x, a' (g) x', a" ig) x") = ^ u){a" (g) x", [a (g a;, a' ig) x']) = ^ w(a" (g x" , aa' ® [x, x']) 

eye. eye. 

= k{x", [x,x'])^^I{a"D{aa') - aa'Da") 

eye. 

= k{x", [x, x'])\Y^ I{a"aDa' + a' a" Da - aa'Da") 

eye. 

= ^K{x",[x,x'])^I{a"aDa') 

eye. 

= ^k{x", [x, x'])I{aa'Da" + a' a" Da + a"aDa') 

= ^Kix", [x,x'])I{D{aa'a")) = [x,x'])x(aa'a"). 

This expression vanishes if one of the elements a, a', a" is contained in the ideal ker^. In view 
of Lemma III.3, this implies in particular that 

x.{z, n) := {u){x, n), [x, n]) 

defines a continuous representation of g on n, and wc wc have calculated the characteristic 
class Xa G H^{g,i) of the crossed module a:n — >■ g via the formula QgXa = ['^'^] • Hence it is 
represented by the cocycle 

?7e^^(g,3), r]{x,y,z) :=^K{[x,y],z) 
(choose a = a' = a" e x~Hl))- ■ 
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VI. Some relations to principal bundles 

In this section we discuss the relation between covariant differentials, extensions of Lie algebras 
and smooth prinicpal bundles. This connection is also briefly touched in [AMROO]. Although the 
calculus of covariant differentials originates from the differential geometric context of covariant 
derivatives and connections on vector bundles, it can be formulated very nicely in the abstract 
context of Lie algebras, as wc have seen in Section L 

In the second half of this section we explain how a central extension of the structure group 
of a principal bundle leads to a crossed module of topological Lie algebra whose characteristic 
class can be represented by a closed 3-form on the underlying manifold. 

Let M be a finite-dimensional paracompact smooth manifold, K a Lie group with Lie 
algebra 6 and qm- P ^ M a smooth ii'-principal bundle. We write fi-.PxK^P for the right 
action of i^T on P and Ad(P) := P XAd ? for the associated vector bundle with typical fiber 6 
defined by the adjoint action of on 6 . 

On the Lie algebra level we then have a short exact sequence 

^ flou(P) ^ aut(P) — >V(M) ^ 0, 

where out(P) := V(P)^ C V(P) denotes the Lie algebra of iiT-invariant vector fields on P, 
q^: V(P)^ — > V(A^), q^{X){qM{'p)) '■— d<lM{p)X{p) is the well-defined projection homomorphism, 
and its kernel flau(P) is the Lie algebra of vertical iiT-invariant vector fields. On all these Lie 
algebras of vector fields we consider the topology of local uniform convergence of all derivatives, 
which turs them into into locally convex topological Lie algebras. 
We put := V(M) , J := aut(P) and 

n := C°°(M, Ad(P)) := G C°°(P,e): (Vfc G Jr)(Vp G P) ^{pk) = Ad{k-^)^{p)}, 

where the Lie algebra on the right hand side is endowed with the pointwise bracket [^,ri]{p) := 
[^{P),V{P)], and aut(P) C V(P) acts on n by {X.^){p) = di{p)X{p). 

On the space ri'"(P, t) of 6-valued smooth p-forms on P, we have a natural action of the 
group K by k.a := Ad(fc) o^^a and the set f2'"(P, 6)^ of iiT -fixed points is of particular interest. 
Note that n°{P,t)^ = C°°(P,t)^ = n. Each element a G rj''(P,e)^ defines an alternating 
C°° (M, R) -multilinear map g*" — > n because for Xj G and k € K we have 

a(Xi, . . .,Xr){p) = Ad{k).{{fila){Xi, . . . = Ad{k).ap.k{{k.X,){p.k), . . . , {k.Xr){p.k)) 

= Ad(fc).(a(Xi,...,X,)(p.fc)), 

showing that a{Xi, . . . , X^) G n. A localization argument shows that the above correspondence 
leads to a bijection 

n^(P,t)K - Arc„o(M,K)(5,n) C C^{g,n), 

where Alt^oo(jvf,R)(5) i^) denotes the set of all alternating C°° (M, M) -multilinear maps ^ n. 

If fi:t ^ V(P) denotes the homomorphims of Lie algebras defined by the right action of 
K on P, then we call an r-form a on P horizontal if i^(a;)a = holds for all a; G 6. In this 
sense the space 

f^'^(P,6)bas := {a G n''{P,tf: (Va; E £) = 0} 

of basic forms can be identified with the space r2''(M, Ad(P)) of smooth r-forms with values in 
the vector bundle Ad(P) ([BGV04, Prop. 1.9]). Note that f2°(M,Ad(P)) = C°°(M, Ad(P)) = n. 
As above, we see that there is a natural bijection 

n'-(M, Ad(P)) ^ Alt^„„(M,R)(0,n) C C-{g,n). 
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A prinicpal connection 1-form, on P is an clement 9 E H^{P,i)^'^ satisfying a{p{x)) = x for 
all X e 8. Each principal connection l-form leads to a horizontal lifting map a: V(M) — » aul(P) 
defined by qo<j = idv(M) and ^ o cr = 0. Moreover, the restriction of 9 to flau(P) defines a Lie 
algebra isomorphism 

-61: flau(P) ^n = C°°(M, Ad(P)) C C°°(P,«), 

so that we may consider —9 as a linear projection of J = aut(P) onto the ideal 
n = C°°(M, Ad(P)) . To understand why we have to take —9 instead of 9, we note that the 
group 

TV {/ e C°^{P,K): (Vp G P)(Vfc S K) f{p.k) = k-'fip)k} 

acts on P from the left by f.p := P-f{p)- Hence p.f := P-f{p)~^ defines a right action 
(fi-.P X N ^ P and its derived action leads to a homomorphism of Lie algebras (p:n ^ 0au(P) 
satisfying {9,(p{0){p) = ~^ip)- 

The following remark clarifies the role of the curvature of the connection in the abstract 
context. 

Remark VI. 1. Let q:g^Q be an extension of the Lie algebra g by the Lie algebra n. Let 
(7:g^Q be a section of q, and S := adocr g C^(5, End(5)) . 

We associate to the section a: g — > the corresponding projection map 9:g^n given by 

9{x) = X — a{q{x)) . Since n < fl is an ideal, it carries a natural g-module structure, and in this 
sense we consider as a Lie algebra 1 -cochain in (g, n) . We then have 

d^9{x, y) = x.9{y) - y.9{x) - 9{[x, y\) = [x,y- a{q{y))\ -[y,x- (T{q{x))] - [x, y] + ^(^([a;, y])) 

= [x, y] - [x, cr{q{y))] + [y, <T{q{x))] + a{q{[x, y])) 

= [x,y] - [x,C7iqiy))] + [y,a{q{x))] + [aiq{x)), a{q{y))] - R„{q{x), q{y)) 
= [x- a{q{x)),y - <T{q{y))] - Rcr{q{x),q{y))) 
= [9{x),9{y)]-R,(q(x),qiy)), 

so that we get the formula 

(6.1) -q*Ra = d^9-^[9,9]. 

We observe in particular that ker^ is a subalgebra if and only if i?^ = if and only if d^9 

vanishes on ker^. ■ 

Let 

Rg :=d9+^[9,9]Gn'^{P,t)'^ 

denote the curvature of 9 ([BGV04, Prop. 1.13], [KMS93, Th. in.11.2]). In this context formula 
(6.1), applied to the projection — — > n leads to 

q^R^ = dq9+\ [9, 9]=d9+\ [9, 9] = Rg. 

In this sense R^ is related to the curvature Rg of the principal connection 1-form 9. From 
Re = q^Ra it follows in particular that Rg is horizontal, hence an element of f2^(M, Ad(P)) . 
For the curvature Rg e 0,'^{P,t)^ C C^(5, n) the abstract Bianchi identity 

= d^ogRg = dqRg + [9, Rg] 

(Proposition 1.8) leads to the classical Bianchi identity 

dRg = -[9,Rg] = [Rg,9] G ^^(P,^)^ 
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(cf. [KMS93, Th. III. 11. 5]). Wc refer to [Fa03] for an interesting discussion of formulas like the 
Bianchi identity in General Relativity and Yang-Mills Theory. 

Taking derivatives in 1, the invariance relation /x^a = Ad(A;)~^a turns into 

^ijt(x)'^ — — ad a; o a. 
In view of the Cartan formula for the Lie derivative, this leads to 

ifi[x)da = — adx o a. 

Therefore the subspace f2''(M, Ad(P)) is not mapped into f2'"+^(M, Ad(P)) by the exterior 
differential which coincides with the Lie algebra differential d^, restricted to the subspaces 
Qr{P,l)^ C C"^(0,n). Nevertheless we identify f]'^(M, Ad(P)) with a subspace of C"'(0,n) on 
which we have the covariant differential ds defined by S{X).£^ := a{X).S, for ^ € n C C°°(P, 4). 
Then we have for a G C"'(g, n) the relation 

{dsa){Xo, ...,Xr) = d{q;a){a{Xo), a(X,)), 

where we use that [a{Xi),a{Xj)] — a{[Xi,Xj]) is vertical and q*a is horizontal. The preceding 
relation means that 

(6.2) dsa = a*{dq;a), 

i.e., that dsa can be viewed as the horizontal component of the (r + l)-form dq*a. This is why 
dsa is called a covariant differential. 



Crossed modules obtained from central extensions of K 

Let Zk ^ K '^'^ > K be a central extensions of Lie groups and ^ i > t the correspond- 
ing central extension of Lie algebras. It is an interesting problem to find computable obstructions 
for the existence of a i^-principal bundle with P/Zk — P (as _ftr -principal bimdles). 

In this subsection we explain how this problem can be approached on the Lie algebra level 
and explain how one constructs a de Rham cohomology class in H^^{M,^i) whose vanishing is 
necessary for the existence of the iiT -bundle P. 

First we observe that the conjugation action of K on itself factors through a smooth action 
of JsT on which in turn leads to a smooth action Ad of K on the Lie algebra t of K . We 
thus obtain an associated vector bundle Ad(P) := P Xk^ with typical fiber 6, and its space of 
global sections is 

n := (7°°(M, Ad(P)) = e (7°°(P,?): (VA; G K){yp G P) ^{pk) = Ad(fc-i)^(p)}, 

which is a topological Lie algebra with respect to the pointwise defined bracket. If P exists, then 
the natural map 

Ad(P) = Px^?^PxK?, \p,x]^\pZk,x] 

is an isomorphism of vector bundles over M . It is a crucial point that this bundle exists, even if 
P does not. 

The quotient map q^-.i ^ t induces a central extension 

3 := C^{P,Mf = C^{M,m) ^n^n, 
which is topologically split because 



^ M X 3( ^ Ad(P) ^ Ad(P) ^ 
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is a short exact sequence of smooth vector bundles over M . 

From the embedding n ^ aut(P)°P defined by the map out(P) n given by the connection 
1 -form 6 , we further obtain a homomorphism 

a: n ^ n C out(P)°P, ^ ft o ^ 

which defines a crossed module because the Lie algebra aut(P) acts naturally on the space 

n C C°°(P, t) by derivations in such a way that a is cquivariant. Moreover, the action of 
n C aut(P)°P on n corresponds to the natural action of n on its central extension n by 3 . This 
means that a defines a crossed module. As one readily verifies that all morphisms and actions are 
continuous with respect to the natural topologies, we even have a crossed module of topological 
Lie algebras. Its characteristic class Xa is an element of H'^{q,i), where 3 carries the natural 
action of g = V(M) by {X.f){m) := df{m)X{m). 

Let cr: g ^ g be a C°° (M, M) -linear section defined by a principal connection 1-form 6 
and observe that a leads to an outer action S:q ^ dern which is C°° (M, M) -linear. Further 
q'^Ra = Re is the curvature of 6, which can be viewed as an Ad (P) -valued 2 -form. Using smooth 

partitions of unity, we find an Ad(P) -valued 2 -form ^l with qt o VL = Kg . Writing Vt = q'^u) 
for a uniquely determined uj e C^(0,n), we observe that the condition qt o fl = Rg = q*R^ is 
equivalent to 

(6.3) qiOw = Ra- 

Lemma VI. 2. The cohomology class Xa G H^id^i) is represented by the cocycle dgu} € 

Z^(g,3), which is a -valued closed 3-form on M. Moreover, the de Rham cohomology class 
[dsuj] G i/|j{(Af, 3{) depends neither on the connection 1-form 9 nor on the choice of the lift fl . 

Proof. Proposition III.6 imphes that Xa G H^iQ^i) is represented by the cocycle dsto G 
Z^(fl,3). In view of (6.2), we have 

dsLo = a*{dq*uj) = a*{dfl), 
which shows that dsuJ can be interpreted as an element of 

n^iM,it) = n^{M,M X 3{) C n^{M,Ad{P)), 

hence that dsuj is a closed 35 -valued 3 -form on M . 

Since a splits topologically, for any other C°° (M, R) -linear section a':Q ^ g there exists 
a continuous C°°{M, M) linear map 7: g — > n with cr' = cr + ft o 7, and then 5' = 5 + ad 07, so 
that Lemma 1.9 implies that ds'Uj' = dguJ holds for w' := w + rfs7 -|- ^ [7, 7] . Note that 

Ra' = Ra+qto^ = Rcr+qtO (dsj + 5(7, 7]) = ft O 

follows from [a, qtoj] = o [S A 7) (cf. the proof of Lemma 1.9). On the other hand, any other 
n" = q^Lo" € Ad(P)) with ft o w" = R„ satisfies 

-w G n2(M,3j), 

so that the de Rham cohomology class [dsco] G H^^{M,],e) depends neither on the connection 
1 -form nor on the choice of O . ■ 

The following proposition shows that the de Rham class [dsco] G i?|j^(M,3() can be con- 
sidered as an obstruction to the existence of a if-bimdle P with P/Zk = P. It sharpens Theo- 
rem III. 5 in this geometric context because the natural map H^^{M, 3{) H^{V{M), C°°{M, 3{)) 
need not be injective. 
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Proposition VI. 3. If there exists a smooth K -principal bundle P with P/Zk — P, then 

[dsLu]^0 m Ill^{M,i^). 

Proof. Suppose that there is a iiT -bundle P with P/Zk — P ■ Then we have a topologically 
split short exact sequence 

^ C~(P,3e) ^ ViPf" V(P) 0, 
restricting to a topologically split short exact sequence 

^ C°°{M,u) ^ aut(P) = V{P)^^V{P)^ = aut(P) ^ 0. 

Moreover, the natural map Ad(P) = P xi Ad(P) = P Xk ^ is an isomorphism of 
vector bundles over M . 

Let 9 e r2^(P, 6) be a principal connection 1-form on the -fC -bundle P and a:V{M) — > 
aut(P) the corresponding C°° (M, M) -linear section of the Lie algebra extension 

^ 0au(P) ^ aul(P)-^V(M) ^ 0. 

Then cr := tt o (j is a C°° (M, M) -linear section of qg:aut{P) — > V(M), hence comes from a 
connection 1-form 9. 

Prom TT o = fj we directly get n o = R„ , and since is n-valued, this can be 
written as Ra = qt ° Pg- From the independence of the cohomology class [dsco] of the choice of 
oj (Lemma VI.2) it now follows that 

[dsLj] = [dsR-], 

that vanishes according to the abstract Bianchi identity since S = ad^oa (Proposition L8). ■ 

Problem VI. Which closed 3{ -valued 3 -forms on M arise as above from a central extension 
Zk ^ K —» K of the structure group K of a principal bundle over M ? From the construction 
it follows that if /? = dsui arises as above, then wc also get /3 + dj for any 7 G n^(M, 3{) 
(Lemma VI.2). Therefore this is a question about de Rham cohomology classes. 

An answer to this question requires a more geometric version of the results in [Ho54b]. It 
is also related to the discussion of differential geometric gcrbcs in [Bry93, Sec. 5]. It should not 
be too hard to verify that the class [dsco] coincides with the image in ff|j^(M,3{) of the sheaf 
cohomology class in 

H^{M,ZK)^H\M,7ro{ZK))(BH^iM,Tri{ZK)), 

where we obtain from de Rham's Theorem a natural homomorphism 

H^{M,7ri{ZK)) ^ H'{M,i,) ^ F|r(M,3(). 

If M is 2-connceted, then Brylinski shows in [Bry93, Thm. 5.4.3] for the special case Zk = 
that any integral 3 -cohomology class comes from a smooth C^-gerbe on M , but it is not clear 
to us which of these gerbes come from central extensions of structure groups of bundles. ■ 



Appendix A. Derivations of Lie algebra extensions 

Let £:n^ g — be a topologically split Lie algebra extension. In this appendix wc analyze 
the Lie algebra of continuous derivations of 5 preserving the ideal n. In the present paper we 
shall use only Propositions A.l and A. 7 from this appendix (cf. Lemma III. 3). 
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In tlic' following we write dcrg for the Lie algebra of continuous derivations of g. We 
always identify n with an ideal of g and define 

der(g, n) := {D e deTQ:D{n) C n}. 

Then each derivation D e der(g, n) induces a derivation £)„ of n and a derivation Dg of g = 5/n, 
so that we obtain a Lie algebra homomorphism 

<I):dcr(g, n) ^ dern X derg, Di^{Dn,Dg). 

To understand the Lie algebra der(5, n) , we have to analyze kernel and image of this homomor- 
phism. 

In the foUowuig we write g = n >^{s,uj) 0) where S:q^ dern is a continuous exterior 
action and ad ouj — Rs . We recall that the Lie algebra der n x der g acts on the spaces 
Lin(g,n) =C^{Q,n) and C'^{Q,n) by 

((a,/3).^)(x) := aiv{x))-Mx)) 

and 

{(a,l3).Lp){x,y) := a{(f{x,y)) - ip{l3{x),y) - Lp(x,l3{y)). 

We further have a representation on C(^(g, dern), the set of linear maps f-Q ^ dern for which 
the corresponding map g x n — > n, (a;, n) i— > ip{x){n) is continuous, by 

{{a,(3).^){x) := [a,^{x)]-^{(3{x)) 

We write (a, /3).[(/3] = if there exists some 7 G C^(g,n) with {a,f3).(p = ado7. Since 
adoC^(g,n) C C(^(g,dern) is a subspace which is invariant under dern x derg, the subspace 

(dern x derg)[y] := {(a,/?) € dern x derg: {a,P).[ip] = 0} 

is a subalgebra of der n x der g . 

Proposition A.l. Let (a, /?) e dern x derg and 7 e C^(g,n) . Then the map 
(Al) £)eEnd(nX(s,a,)0), {n,x) ^ {a{n) + j{x), l3{x)) 

is a derivation if and only if 

{A.2) (a,/3).S' = ado7 and (a,/3).w = ^57. 

If this is the case, then $(-D) = (a,/3) and all derivations in $~^(a, /3) are of the form (A.l) 
for some 7 S (g, n) . 

Proof. We have 

D{[{n, x), {n',x')]) = D{[n, n'] + S{x).n' - S{x').n + Luix, x'), [x, x']) 

= {a{[n, n']) + a{S{x).n') - a{S{x').n) + aLo{x, x') + j{[x, x']), ^{[x, x'])) 

and 

[D{n, x), (n', x')] = [(a(n) + 7(2;), (3{x)), (n', x')] 
= {[a{n) + ^{x), n'] + S{(3{x)).n' - S{x').{a{n) + 7{x)) + co{P{x), x'), [f3{x),x']). 
In view of a G dern and /3 G derg, the requirement that Z) is a derivation is equivalent 
to the relations 

(A3) D{[iO, x), (0, x')]) = [D(0, x), (0, x')] + [(0, x), 0(0, x')] 

and 

(^.4) £»([(0, x), (n, 0)]) = [D{0, x), (n, 0)] + [(0, x), D{n, 0)] 

for a;, a;' G g and n G n. In view of the preceding calculations, condition (A. 3) means that 

aLu{x, x') + j{[x, x']) = -S{x').j{x) + S{x).j{x') + co{P{x), x') + co{x, j3{x')), 
i.e., {a,P).LO = ds^- Condition (A. 4) means that 

a{S{x).n) = [7(2;), n] + S{(3{x)).n + S{x).a{n), 

i.e., 

{{a,l3).S){x) = [a,S{x)] - S{p{x)) = &A{i{x)). 

If _D is a derivation, then $(-0) = [a, (3) is obvious, and, conversely, every derivation in 
$~^(a,/3) can be written in the form {n,x) ^ {oi{n) + ^{x), I3{x)) for some 7 G C^(g,n). This 
completes the proof. ■ 
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Corollary A. 2. The map Z^{g,^{n))s — > ker$, := ipoq is a linear isomorphism. In 

particular kcr $ is an abelian Lie algebra. 

Proof. In view of Proposition A.l, the derivations in the kernel of $ are of the form 
D{n, x) = {'y{x), 0) , i.e., D = ^ o q for some 7 € (g, n) . Moreover, such maps are derivations 
if and only if 

ad 07 = and ^57 = 0, 

which means that 7 € Z^{Q,i(n))s . This shows that \1/ is bijective. 

For Di,D2 e ker ^ we have D1D2 = 0, which implies in particular that ker is an abelian 
Lie algebra. ■ 

Corollary A.3. im($) C (dern x der0)[s] . ■ 

Remark A. 4. (a) If a n is abelian, then 0l(a) = dero and Proposition A.l implies that 

im($) = {(a,/3) £ dor a x dcrg: {a,l3).S = 0, {a,l3).Lu e i?^(0,a)s} 
= {ly? e (dera X derg)^: (^.[w] = 0} =: {gl{a) x der0)5jt^]. 

We therefore have a short exact sequence of Lie algebras 

(-4.5) Z'^ig, a)s ^ dei{g, 0) (fl[(a) x derfl)^^^]. 

with abelian kernel Z^{q, a)s . 

For the special case where the -module is trivial, the representation ada of g on is 
trivial, and the exact sequence simplifies to 

HomLie(0, a) ^ der(0, 0) ^ {gl{a) x derg);,^]. 

(b) If the pair {a, (3) S dera x derg fixes not only the cohomology class [co], but also the 
cocycle oj , then we may take 7 = in Proposition A.l to obtain a lift to a derivation of g , showing 
that the extension (A. 5) splits on the subalgcbra (fl[(a) x dcrfl)|-^9^') of (0[(o) x der0)(5j^^]-| . 

If, moreover, g is abelian and a is a trivial fl-module, then B^{q, a)s = {0} , and therefore 

(£l[(o) x der£i)5_[;^] = (g[(a) x derg)^, 

so that the extension splits. ■ 

Proposition A. 5. For (a,/3) G (dern x derg)[5] and 7 e C^(g,n) with {a,(3).S = ad 07 we 
have 

{a,f3).L0 -dsj G Z^{g,i{n))s 

and the cohomology class 

I{a,p) := [{a,(3).u, - dsj] e H\g,i{n))s, 

which is independent of 7, vanishes if and only if (a, P) £ im($) . 
Further more, the map 

I: (dern x derg)[5] ^ H'^{Q,i{n))s 

is a Lie algebra cocycle with respect to the natural representation of the Lie algebra 
(dern x derg)[5] on iJ2(£i,3(n))s . 

Proof. From {a,/3).S = ad 07 we derive for 6 G C"'(g,n) the relation 

ds{ia,P).d) = dgiia, (3).6) +SA ((a,/3).<5) = (a, l3).dg6 + (a,/3).(5 Ad)- ((a, (3).S A S) 
= (a, p).d,5 + {a, f}).{SA6)- [7, S] = {a, (}).dsS - [7, S], 
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so that 

(A6) [(a,/3),ds] =ad7 on C*{g,n) = ^ C'{Q,n). 

reNo 

We now obtain 

ado((a,/3).w) = (a,/3).(adow) = (a,/3).i?s = {a, P).{dgS + ^[S, S]) 

= d,{{a, p).S) + [{a, p).S, S]) = ado(dg7) + [ad 07, S] = ado{dgj) + [S, ad 07] 
= ad o(dg7) + ad 0(5 A 7) = ad o(dg7 + 5 A 7) = ad 0^5:7. 

We conclude that (a, /3).a; — ds7 G (fli • In view of Proposition 1.5, we further have 

dsiia, (3).uj ~ dsj) = dg{{a,P).uj) + SA {{a,(3).uj) - dlj 
= (a, p).{dguj + 5 A w) - ((a, /3).S) Aw) - [w, 7] = (a, p).dsoJ - [7, - [w, 7] = 

because dstJ = and [7,0;] = — [a;,7]. This proves that {a,p).u} — ds'y S Z^(g,3(n))s, and we 
define 

7(a,/3) := [{a, P).u; - ds^] G H\g,i{n))s. 

If 7' e C^(0,n) also satisfies {a,P).S = ad 07', then 7' — 7 G C-^(0,3(n)) and ds^ -dsj G 

3(ti))s , so that the cohomology class I{a, /3) docs not depend on the choice of 7. Here wc 
already see that /(a, /3) = is equivalent to the existence to a 7 G (g, n) with (a, /?) .S' = ad 07 
and (a, /3).a; — (is7 = 0, which is equivalent to (a, (3) G im(<l>) . 

To verify that / is a cocyclc, wc first have to see how the representation of (dern x derg)[5] 
on H'^{g,i{n))s looks like. Pick 7 e C^{2,n) with {a,/3).S = ad 07. Then (ado7).3(n) = {0} 
and (A. 6) imply that {a,f3) maps B^{Q,}{n))s and Z^(g,3(n))s into themselves and hence 
induces a map on H^{Q,],{n))s ■ 

For (q,/3), {q,' ,j3') G (dern x derfl)[5] we now pick 7,7' G C^(fl,n) with 

(q!,/?).^ = ado7 and (a',/3').S' = ado7'. 

Then 

[(a,/3), (a',/3')].^ = (a, (ad 07') - (a', /3').(ado7) = ado((a,/3).7' - (a',/3').7)- 

With (A. 6) we now get 

J([(a, (a', /?')]) = [(«, (a', " - /3')-7)] 

= [(a, /?).((«', - (a', /?')•((", - (a,/?).(ds7') + [7,7'] + (a', /?').(ds7) - [7',7]] 
= [{a, /?).((«', - dsi) - (a', /?')•((", f^)-^ - dsl')]- 

This show that / is a Lie algebra 1-cocycle. ■ 

Corollary A. 6. For the topologically split extension ^ := n X{s,ui) of by n, the sequence 

Z^(£i,3(n))s der(g,n) (dern x derg)[5]— ^-^ij2(fl,3(n))s 

is exact. ■ 

Proposition A. 7. Let ip:i) ^ im($) C dern x derg be a homomorphism of Lie algebras and 
endow C^(fl,n) with the i) -module structure obtained from the action of dern x derg on this 
space pulled back via tjj. Further let 9:1) ^ C^(g,n) be a linear map with 



il){x).S = a,doO{x) and x.uj = dsO{x), a; G f). 
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Then a cocycle for the abelian extension 

Z\Q,i{n))s-^r der(S,n)^[) 

of i) by Z^{Q,^{n))s is given by d^9 € Z^(^,Z^{q^],(x\))s)- In particular, a linear map -0:1)^ 
der(fl, n) with 

'ip{h){a,x) = {h.a + 6{h){x),h.x) 
is a homomorphism if and only if 9 is a 1 -cocycle. 
Proof. First we observe that the map 

^: f) ^ der(g, n), i^{x){n, y) = {ip{x).n + e{x){y),ip{x).y) 

satisfies $ o ^ = ^ . As the map 

(t: f) ^ ■)/'* der(0, n), x i-^ {'ip{x),x) 

is a section of this abelian extension, we obtain a corresponding cocycle by 

r?(x, x') := [a{x), a{x')] - a{[x, x']) = {[${x), V^(x')] - V^([x, x']), 0). 

To evaluate this cocycle, we calculate 

[i^{x),ip{x')]{n, y) = ip{x).{i;{x').n + e{x'){y), ip{x').y) - ip{x').{i;{x).n + e{x){y),i}{x).y) 
= {i>{x)i>{x').n + i>{x).e{x'){y)+e{x){i>{x').y),i>{x)7p{x').y)) 

= {ij{[x,x']).n+{ij{x).e{x')){y) - {i;{x').e{x)){y),ij{[x,x']).y)). 

Identifying ker$ with Z^{g,}{n))s , we see that the cocycle ri, as an element of the group 
Z'^{i),Z\g,i{n))s), is given by 

r]{x, x') = i){x).e{x') - ip{x').e{x) - 6{[x, x']) = {di,e){x, x'). m 

Remark A. 8. We have seen in the preceding proposition that is a homomorphism of Lie 

algebras if and only if dt^O = 0. Other choices 0' for 6 have the form 6' — 9 + a with 
a e C^{i), Z^{Q,^{n))s) because a,d„o9{x) = a.d„o9'{x) for each x € q and ds{9'{x)) = 
dsi9{x)) = x.u. Then 

dfjO' = dtfO + rf[,a, 

and wc sec that there exists a 9' with (ig6'' = if and only if [dt^0\ = in i7^(f), Z^(0,3(n))s) . 
We obviously have = in if^(f), C^(0, n)) , but this does not imply that [d^f9] vanishes in 

if2(p,,zi(0,3(n))s). ■ 

Example A. 9. If g = and = 3 Q is the 3-dimensional Heisenberg algebra defined by 
a symplectic form w on K^, then derg = g[2(lK),der3 = K, and 

(der3 x der0)[„] = (der3 x derg)^^ = {{t,A) G K x Ql^iK): A.u = tuj} = glaClK) 

is isomorphic to the conformal Lie algebra of uj , which coincides with 0[2(K). Moreover, 

b = HomLie(0,3) = Z\Q,i) ^ Lin(K2,K) ^ K^, 

so that the exact sequence 

Z^(£l,3) = HomLie(0,3) ^ der(5,3) = derg (der3 x der£|)[^^] 

from Corollary A. 6 turns into b = ^ der(5, 3) 0^2 (^) which splits by Remark A. 8, and 
we obtain der(5,3) = b x 0t2(lK). ■ 
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Example A. 10. (a) Wo construct an example of a central extension 3 ^ ^ 0. where the 
sequence (A. 5) does not split. Let q be the 3 -dimensional Heisenberg algebra with basis p,q,z 
satisfying 

\P, q] = z, \p, z] = [q, z] = 0. 

We claim that dimiJ^(0,K) = 2. As is 3-dimensional, the space C^(0,K) is 3-dimensional. 
Further B^{q,K) = [g,Q]* is 1 -dimensional. It consists of all those alternating bilinear forms on 
whose radical contains the commutator algebra. Therefore it suffices to show that each 2 -chain 
u) G C^{g,K) is closed. In fact, we have 

{(Lj){x,y,z) = ^uj{[x,y],z). 

eye. 

This form is alternating, so that it vanishes if it vanishes on (p, g, z) : 

div{p, q, z) = Lo{\p, q],z) = uj{z, z) = 0. 

This proves C^{q,K) = Z^{q,K). and therefore 6imH^{Q,K) = 2. 
Now we fix w G K) with 

ui{p,z) = l, uj{q,z)=ui{q,z) = Q. 

We then obtain a central extension q := K®t^f| of g by 3 := K. We show that the exact sequence 

HomLie(S,3) - HomLie(0,3) - Lin(fl/3(fl),3) der(fl,3) (der3 x derg);^] 

does not split. 

In derg we have in particular the 2-dimensional abelian subalgebra b := HomLie(0,3(0)) of 
those derivations which are trivial on 3(g) and factor through linear map £l/3(£l) = 0/[fl, fl] — > 3(£l) • 
A basis for b is given by hi, 62 with 

61(2;) = 61(g) = 0, hi{p) = z and b2{z) = 62 (p) = 0, 62(g) = z. 

We have 

(6i.w)(z, x) = —uj{bi.z, x) — uj{z, bi.x) = 0, 

and 

{bi.uj){p,q) = -uj{bi.p,q) -uj{p,bi.q) = -uj{z,q) = 0, 
which implies that bi.oj = 0. On the other hand 

{b2-u}){z,x) = —u){b2-z,x) — u{z,b2-x) = 

and 

{b2.oj){p, q) = -oj{b2.p, q) - uj{jp, b2-q) = -uj{p, z) = -1. 
Therfore 62-'^ is non-zero, but since its radical contains z, it is a coboundary. We now define 

Ob, := and Ob, {p) = dt, (g) = 0, 9b, {z) = 1. 

Then 

{dg6b,)ip,q) = -6b,{\p,q]) = -1 = {b2.oj)ip,q) 

implies d^Ob, = 

Eventually we find 

rfg6'(6i, 62) = bi.9b2 - h-Obt - (^[biM] = h-db2 = -Ob, o 61 7^ 0. 

This implies that dg0 does not vanish on the abelian subalgebra b = span{6i,62}, so that the 
central extension 

HomLie(0,3) ^ b ^ b 
of b is not an abelian Lie algebra, hence does not split. 

(b) We consider the Heisenberg algebra g and a central extension g of g by 3 := K as in 
(a) above. Then the action of b = HomLie(0,3(0)) C derg preserves the class [u] G H'^{g,i), but 
the action of b on g does not lift to an action of the abelian Lie algebra b on g. 

Let b := g XI b be the semidirect sum. Then [w] e H'^{q,i)^ , but there is no representation 
5 of b on g lifting the representation on g . ■ 
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Remark A. 11. (The lifting problem for abelian extensions) Let q:g ^ be an abelian 
extension of g by the g-module a, which we write as g = a g for some iv € Z^{q, a) . 

Suppose that we arc given a homomorphism ip-.i) ^ q of Lie algebras. When does it Uft to 
Q in the sense that there exists a morphism ^: (} — > g with q o ip = tpl 

The existence of the lift Ip is equivalent to the triviality of the abelian extension 

where 

ip*Q = {{x, /i) e 5 X f): q{x) = 'p{h)}. 

Since the extension 95*0 can be described by the cocycle ip*uj G Z^((),o), a lift (p exists if and 
only if [1^*0;] = {0}. Note that the [) -module structure on a depends on the homomorphism ip 
because it is also pulled back by , so that we cannot simply write the obstruction as a map 

HomLie(f),0)-ff'(t),a) 

because the module structure on a varies with . 

Now assume that (p\ and (p2 are lifts of ^p . Then a straight forward calculation shows that 
7 := (^1 — 1^2: f) ^ ci is a Lie algebra 1 -cocycle with respect to the module structure on a given 
by ip. We write a<^ for this f) -module. In this sense the fiber of the map 

HomLie(f),?) ^ HomLie(f),fl), t/jf-^qotp 

over ip is an affine space whose translation group is a^) . ■ 



Appendix B. Automorphisms of Lie algebra extensions 

In this appendix we analyze the group of automorphisms of a topologically split Lie algebra 
extension 

£:n^ g >g. 

Our discussion follows the corresponding results for groups in [Ro84]. Identifying n with an ideal 
of g, the automorphism group of £ is 

Aut(g,n) := {ip e Aut(g):<^(n) = n}. 

Each automorphism of £ induces an automorphism of n and g = g/n, so that we obtain a group 
homomorphism 

Aut(|, n) Aut(n) x Aut(0), ip {ipn, tpg). 

Let [S] be the continuous 0-kernel on n corresponding to £ and (Aut(n) x Aut(0))[s] C 
Aut(n) X Aut(0) the set of all pairs fixing [S]. Then im(<l>) C (Aut(n) x Aut(0))[5] and there is 
a 1 -cocycle 

I: (Aut(n) X Aut(fl))[s] ^ H\g,i{n))s 

with respect to the natural (Aut(n) x Aut(0))[s:] -module structure of H'^{g,${n))s such that the 
sequence 

1 ^ Z\g,i{n))s ^ Aut(0,n)^(Aut(n) x Ant{g))[s]^H\g,i{n))s 

is exact. This sequence contains a good deal of information on the group Aut(0, n) . 
In the following we write = n X{s,u!) (Lemma II. 4). Prom Lemma II. 5 we get: 
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Lemma B.l. The map 

4':(Zi(0,3(n))s,+) ^kcr($), *(7) :=id^+7og 
is a group isomorphism. 

Proof. Each automorphism of g inducing the identity on n and 5 is of the form described 
in Lemma 115 with a = id„ and /? = idg , i.e., (f{x) = x + j{q{x)) with 7 e C^{g, n) . Applying 

this proposition with S' = S and cu' = lu we get the conditions ad 07 = 0, i.e., 7 G C^{0,i{n)) 
and = ds'7 + 5 [77 7] — ds-f , so that 7 G Z^(g,3(n))s. This implies the assertion. ■ 

We observe that the natural linear action of the group 

G := (Aut(n) x Aut(f|))[s], 

on Ci(s,dern) x C'^{Q,n) by {a, f3).{S,cj) = {S',uj') with 

S" := a o 5 o and (a,/3).w := aow o (/3 x 

satisfies 

g.Z^{g,n)s = Z^{g,n)g.s, 

hence preserves Z^(g,n)[g]. 

Moreover, G acts in a natural way on C^{g, n) by (a, /3).7 := a o 7 o /3~^ , so that we can 
form the semi-direct product group C^{g,n) xi G. For the action of C^(fl,n) on Z'^{g,n)[s] (cf. 
Lemma L9) we have 

g.{j.{S,uj)) = {g.-f).{g.{S,u;j), 

so that we even obtain an action of C^{q, n) x G on Z'^{g, nj^s] and hence an action of G on the 
orbit space 

Ext{g,n)[s]^ Z\g,n\s]/C\g,n) 
which is an afJine space with translation group H'^{g,}{n))s (Theorem IL?). 

Theorem B.2. The action of G := (Aut(n) x Aut(0))[s] on the affine space Ext(0,n)[5] = 
Z'^{g,n)s/B'^{Q,^{n))s is affine. For a fixed class [{S,u)] £ Ext(fl,n)[5] we obtain a 1-cocycle 

I:G^H^{B,M)s 

by g.[{S,w)] = I{g).[{S,u})] . This cocycle satisfies I ~^{0) = im{^), and for g.S = S + adoj we 
have 

I{g) = [g.uj -uj-dsj- i[7,7]] e H^iQ,i{n))s. 

Proof. For [77] G 3(n))5 wc have [ry].[(S', w)] = [{S,uj + ri)], which defines the affine space 
structure on Ext(fl,n)[5] = Z'^{Q,n)[s]/C^{Q,n) (Theorem II.7). Therefore 

g.[{S,uj + r])] = [{g.S, g.w + g.rj)] = [{S + ad 07, 5.0; + g.r])] 

= [-f.{S,g.uj + g.r]-ds7- 5b, 7])] = [{S, g-uj + g.rj - ds^f - ^[y,7])]- 

We conclude that G acts by affine maps with 

g.[{S,io)] = [g.u;-u;-dsj-^b,jM{S,u;)]. 

Hence I{g) := [g.LO — uj — ds^ — defines a 1-cocycle I: G ^ H'^{Q,],{n))s ■ 

It follows from Lemma IL5 that im(<i>) C G and that g G G is contained in the image of 
$ if and only if there exists 7 G C^{g,n) with g.{S,u!) = 7.(5,0;), i.e., g.[{S,u!)] = [{S,U!)] in 
Ext(0,n)[s] = Z^{Q,n)[s]/C\Q,n). Therefore im($) = /-^(O). ■ 
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Corollary B.3. We have an exact sequence 

^ Z\3,i{n))s ^ Aut(0,n) ^ (Aut(n) x Aut(0))[s]-^i?'(0,3(n))s ^ 0, 
where I is a group 1-cocycle for the natural action of the group (Aut(n) x Aut(0))[5] on 

Remeirk B.4. We consider the stabilizer 

Gs := {(7, 5) € (s, n)xG:g.S + ad 07 = S} 
of 5 in C^(fl,n) x G. For {S,w) € Z^{g,n)s we then have 

{'j,g).{S,uj) = (5,51.^ + ^57 + ^ [7, 7]), 

so that Gs acts by afSnc maps on Z'^{Q,n)s- Since the group C^(f|,3(n)), resp., B'^{Q,^{n))s , 
acts on Z^{Q,n)s by translations, we obtain an abelian extension 

C'(fl,3(n)) ^Gs^G= (Aut(n) x Aut(0))[s]. 

This extension is trivial if and only if there exists a map rj-.G ^ C^{q,x\) with {r]{g),g) € Gs, 
77(1) = 0, and r}{gig2) = viQi) + Qi-ViQ^)- This means that is a 1-cocycle lifting the trivial 
cocycle 

G^Cl{s,devn), g^S-g.S 

in the sense that ad(?7(g)) = S — g.S for each g E G . 

In general this abelian extension is non- trivial (cf. Example A. 9). The corresponding 
cohomology class is an element of H'^{g, C^{g,i{n))). ■ 

We also describe a more coordinate free way to see the action of G = (Aut(n) x Aut(0))[s] 
on Ext(£i,n)[s]. 

Lemma B.5. We write the extension n ^ q Q as the exact sequence £: n — > g. Then 
{a, (3) G im($) if and only {a,/3)£ ~ £ holds for the extension 

(a, /?).£:: n >f| >f|. 

Proof. For G Aut(5, n) we consider the extension E' := {(pn,<fs)-S and put l' := t o ip~'^ 
and q' ■= ifgoq. Then the map tp: g — > g yields an equivalence of extensions 

id„ !<. 



n 



Therefore ~ f . If, conversely, (a, /3).f ~ f , then there exists an equivalence of extensions 

n > > 



id„ 



id„ 



This means that ipn = a and (pg = p. 
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